ANSWERS

Chapter 1
Section 1
111 (a) o [ 3@ 2w

1.1.3 (a) To make the table for fog, note that g(1) = 2 and f(2) = 4, therefore fog(1) =
f(g(1)) = f(2) = 4. Likewise, f o g(2) = f(g9(2)) = f(2) = 4. Continuing in this way, we
find

1 2 3 45
gof - L L L | |
4 4 5 5 4
for f o g. In the same way we find
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
gof - L L L L | hog : | | | | | hoh = | | | | |
2 4 4 2 2 4 2 2 4 4 1 2 3 45
Note that h o h is the identity map.
(b) We find
1 2 3 4 5 1 2 3 4 5
ho(gof) : L L | | | and  (hog)of : | | | | |
4 2 2 4 4 4 2 2 4 4

These are the same, so the associativity, ho (go f) = (hog)o f.

(c) Only f and h are one to one, onto and invertible, while g is none of these things. We
have seen above that h o h is the identity map, so h~! = h. To find f~!, just run it
backwards: since f(5) =1, f~1(1) = 5. since f(1) =2, f~1(2) = 1, and so on, with the
reuslt that

1 2 3 4 5

AT A A A

5 1 3 2 4
Section 2
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(b)

(c)

(d)

1.2.3 The only linear transformation is f. To see this, we check homogeneity and additivity.

In fact, it turns out that only f is homogeneous:
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First, for any number a, and any vector x = [;ﬂ ,

RN D[l f) - )
o(o[3]) =o ([]) - w2

If a > 0, so |a| = a, then this equals

’ [ﬁa] :“g(m)

but otherwise not. Sine the homenity requires equality for every a, g is not homogeneous,

However,

and therefore not linear.

Also,

(o) -w () - (s = (o) = ([])

Taking any value of a other than a = 1, we see that h is not homogeneous. (It looks
almost homogeneous, and functions that behave like h are sometimes called “homogeneous
of degree two”). In any case, we don’t have h(ax) = ah(x) for all x and a, so h is not
homogeneous and therefore not linear.

We now check to see that f is additive. Let x = [;ﬂ and u = {Z} . Then

f(eru):f({HuD _ {x+u+y+v] _ [m—l—y} N [u+v1 — () + f(u) .

Y+ v yt+v—xr—u Yy—x v—U
Hence f is both additive and homogeneous, so it is linear.

Remark: To show that a transformation is not additive, or not homogeneous, you don’t

need a general calculation; you just need one example. To see that g and h are not

[

Then g(—x) # g(—x) and h(—x) # h(—x).

homogenous, consider



If we let u [_(1)

], then x +u = 0, and so g(x + u) = 0 while g(x) + g(u) = 2x # 0.
Likewise, h(x + u) = 0 while h(x) + h(u) = [;} # 0.

You can also see that neither is additive in the sense of (2.3). The problem with g
comes from the absolute value and the fact that |a + b| < |a| + |b|, with |a + b| # |a| + |b]

if @ and b have the opposite sign. The problem with A comes from the squares.

1.2.5 The transformations g and h are both additive and homogeneous, so they are linear.

the corresponding matrices are:

Note that f is not even additive: f(u+ v) # f(u) + f(v).
; ; : .
1.2.7 Az = By=13 Cv= Cx =
) 13 -1 3
6 4

m[l) e[

1.2.9 Using Theorem 1.2.3:

(Ax), = —1(2) — 2(0) +2(0) + 1(=1) = —3 .

1.2.11 The matrix Ay is given by
1 -3
Af:[f(el)vf(eQ)]: |:3 1:| :

1.2.13 Reflecting e; about y = x gives us e;. Reflecting this about x = 0, the y—axis,
doesn’t change ez, so f(e;) = es. Reflecting e about y = = gives us e;, and reflecting

this about the y—axis gives us —eq, so f(ez) = e;. Hence, for this transformation,

Ag = [flen. fen)] = fen,—er] = || ] -



1.2.15 Consider the following diagram: The vector e; is the vector indicated by the
horizontal arrow, so thatthe segment from 0 to B is a unit vector. The reflected vector,

f(e1) is the other arrow, and the line with slope s is the line running between these vectors.

Since the line has slope s, we see that the segment from B to D has length s since the
segment from O to B has unit length. Hence tan(p) = s.
Next, since the triangle with vertices O, A and C' is a right triangle with unit hy-

potenuse, C' is the point

(cos(2¢),sin(2¢)) = (cos?(p) — sin?(y), 2sin(p) cos(p)) .

Now since tan(y) = s,

1
cos(p) = —— and i

cos(p) = —— .
V1 + 52 (%) V1+s2

Hence C' is the point

and so
1 [1—3s2]
flen) = 1+s2| 25 |
In the same way one see,
1 [ 25 ]
flez) = 1+ s2 _82 —1] ’

and hence



It is much simpler to find Ay, since clealry g(e;) = e; and g(ez) = —ey, and so

1 0
a=1y -

Hence

1 1 0] [1—s? 2s 1 1—s2 2s
Agos = Ads = 1732 lo —1“ 2s 32—1}_1“2[—23 1—32}'

If g were reflection about the y axis, we would have

1 —1 0] [1-—s2 2s 1 s2—1 =25
Agof_AgAf_1+82l 0 1][ 28 32_1]_1+S2l 28 82—1:| .

Section 3
3 4 2 3
3 -3 3
13140=|"2 3] Bp=|4 -1 2| ca=|2 *+ 0 2
-3 4 T -1 -3 1 4
6 7 5 9
1 2
2 0 1 20 -1 1 0
D=1 DA_L 11 2} DD_[O 1}
1 5

1.3.3 We just need to compute Avs where v3 is the third columns of B. The result is

3
3
2
1
0 0 1 0 0 O
1.3.542=10 0 0 A2=10 0 O
0O 0 O 0 0 O
1.3.7
a® ab+ be
(a)|:0 C2 :|

(b) Four different sets of values {a =1,b=1,¢=2},{a=1,0=-3,c= -2}

{a=-1,b=3,c=2}and {a=—-1,b=—1,c = —2}.
1.3.9



@s= | ]

(b) Let C = [A, B]. From the previous question you know that

0 1
=[50
Now you just compute the commutator the way you did previously:

[A,[A,B]] = AC —CA = {—02 g}

1.3.11
1 a+u aw+b+wv

(a) AB= |0 1 c+w
0 0 1
(b) You can solve this in at least two different ways.

Method 1: The inverse is a matrix B such that AB = I. Using (a) you will find that

AB = I if and only if the system of equations

a+u=0
c+w=0
aw+v+b=0
is satisfied. The first two equations tell you u = —a, and w = —c. With this it is easy to

solve the third equation for v. This gives you the values of u, v and w for which B = A=,

and hence
1 —a ac—»>
At=1]0 1 —c
0 0 1
T
Method 2: Consider a general input vector | zo | and define the output vector
€3
Y1 T
Y2 | = A | 22
Y3 T3
Doing the matrix multiplication
1 a b |z x1 + aws + bxg (1
01 ¢ Ty | = To + cxs = | y2
0 0 1 I3 I3 Y3



you will obtain the system
T1 + axs + brs = y1

T2 + Ccr3 = Y2

I3 =Ys3 -

Solving it for x1, x2, z3 you will find
y1 —ayz + (ac +b)ys = 11

Y2 — CYs = T2

Yz = T3
Writing this in matrix form
1 —a ac—0b U1 z1
0 1 —c Yo | = | 22
0 0 1 Y3 I3
and from it we can see that
1 —a ac—0b
Al=10 1 —c ,
0 O 1

as before.

1.3.13 No. For example, the transformation given by f(x) = 0 is linear from R" to R™
for any n and m. As long as g(0) = 0, go f will be linear. And many non-linear functions
g satisfy ¢g(0) = 0 — for example, g and h from Exercise 1.2.1.

One can also give examples where f is not the zero transformation. Here is one with

n=m=p=2 f(z,y)=(0,y) and g(z,y) = (2?,y).

Section 4
1.4.1 | =v2 |z|=v2 |y|=3 |2|=V15 v-2=0

1.4.3 (a)

V1'V2=V2'V1:4
V1'V3:V3'V1:0
V2'V3:V3'V2:—3
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V1'V1:V1'V1:V1'V1:5.

(b)
vi] = |vo| = |vs| = V5 .

(c) The angle between v; and vo is cos™1(4/5) ~ 0.6435 radians. The angle between v
and v3 is cos™!(0) = 72. These vectors are orthogonal. The angle between v, and vj is

cos~1(—3/5) ~ 0.9272 radians.

1.4.5

(a) The formula for geometric sums says that for any number a, and any integer n.

1_ n
l+ata®t--a =1

l1—a
(An easy way to derive this is to multiply the left hand side by 1 — a, and notice all the

cancellation that results).

Applying this with a = 72, we get that

fo = (1_7“2”)1/2 .
1—r2

(b) Computing the dot product,

1
r s
1— n
r?o ] s :1+7“s+(rs)2+~--+(rs)”_1:A.
: : 1—rs
T,n—l Sn‘—l

Therefore, the angle «,, between these vectors is

1= (rs)™ (1 =" TUZ g T2
An = 1—rs 1—1r2 1—s2
B (1—7“2)1/2(1—52)1/2 ( 1—(rs)™
— ( )

1—rs 1—r2n)1/2(1 — §2n)1/2

(c) Since both |r| < 1 and |s| < 1, we have that lim, . 72" = 0, lim, .o, $*" = 0

and also, lim, o (7rs)™ = 0. Therefore

1 V1—12y/1—352

lim ¢, = —— and lim o, =

n— 00 V1 =172 n— 00 1—1rs




You just computed the angle between two infinite dimensional vectors! This will turn
out to be more than a mere curiosity.

(—bd/a
d
and only if a # 0 and ¢ = —bd/a for any d € R.

1.4.7 All vectors of the form x = } .The vectors a and x = LCZ] are orthogonal if

1.4.9 You just need to see that from the definition of length
2ty = 2P+ |y +zy+y-

and then condition

|z +y|* = [z]* + |y|?

s

implies that the angle between the vectors x and y is 7.

x 1
1.4.11 Computing the dot product between the vectors | y | and 2 | you will obtain
z —1

the equation x + 2y — z = 0. That is the equation for a plane in R3.

Section 5
2 1
1.5.1 |0 21 =4
2 1
1.5.3
(a)
1 1 1
|3 20 v 2]
(AB)g 3 = 1 1 =[1 3 1 2] 1 =10
2 1 1

(b) a=1,b =0,c = 0,d = 2 These are the corresponding coefficients of the second
column of the matrix B. That is a = b1 2,b = by 2,c = b3 and d = by where b; ;1 <
1,7 < 3 are the entries of the matrix B.

(c) Think that the second row of AB is, using the definition of transpose, the second
column of (AB)!. But you know that

(AB)! = Bt A
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and then the second row of AB is a linear combination of the rows of the matrix B where
the coefficients are the corresponding coefficients from the second row of the matrix A.
You have

1[1 1 1]+3[2 0 2]+1[0 0 1]4+2[3 2 1]
1.5.5 Let B = [b; ;] with 4,5 = 1,2, 3. Then
Vg 4+ v3 = by 1v1 + ba,1vV2 + b3 103,
so by1,1 =0,b21 =1,b3; = 1. In the same way we find

b172 =0 b2’2 =1 b372 =0 blyg =1 b273 =1 bgyg =0.

1.5.7
(a) The rows of the matrix AB are the rows of the matrix B and the columns of BA

are the columns of B. In fact, the matrix A is the Identity matrix, and then AB = IB = B.
1 0
-1 0
that AB = BA. You will find an infinite number that satisfy the condition, that is, all

a 0
d—a d

(b) Yes. Take, for example, the matrix A = [ } and find all matrices B such

} for all a,c,d € R. So take, for example, the matrix
2 0
SEn

1.5.9 No. Each column j,1 < 5 < p, of AB is a linear combination of columns of A with

matrices of the form B = [

coefficients coming from the corresponding column j of B. So if B has at least, one zero

column, AB will have, at least, one zero column.

1.5.11
(a) The third and fourth rows of AB, since all their entries will always be 0.

(b) None of the columns can be freely modified.

o=[ 8] a3 7] 5 7]
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Then CA = B. Multiplying on the right by A~! you will find

_4 5
C = [ i i] )
3 3
1.5.15 Yes. Consider
1 1 0
A=—710 2
V211
1.5.17 The matrices A and C.
Section 6

1.6.1

(a) All points of the line y-axis are of the form (0, y). The images of these points are

o 3] o) 13

Then {Zﬂ belongs to the image if and only if

given by

Solving the system for u and v you obtain the line with equation v = %u
(b) The line with equation v = 3u — 9.

(c) An ellipse with equation 9u? + 5v? — 6uv = 9.

1.6.3

(a) The area of the image is 3.

(b) 3 x 3 =9 since the first triangle has an area equal to 3 that is magnified by the
factor |1 x 3 —2 x 0] = 3.
1.6.5 Neither — both are the same, and the condition |ad — be| = 1 is not satisfied. If we

o=

then B would have been area preserving.

had instead, as was intended,
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1.6.5 Computing |ab — cd| for A we find 9, so A is not area preserving. As written, B is

the same, so it is not area preserving. If however, we had
2 3
B =
, then we would have |ab — ¢d| = 1, so this would be an example of an area preserving

matrix.

1.6.7 By the results of the previous problem, the eqaution of the ellipse is

25u2 + 502 — 22uv =4 .
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