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1. Introduction

The Feynman—Kac formula, in its original form derived from the idea of path in-
tegration in Feynman’s PhD thesis (which is now available in a new print [8]), is a
representation formula for solutions of Schrédinger’s equations, and in the hand of Kac,
is an explicit formula written in terms of functional integrals with respect to the Wiener
measure, the law of Brownian motion.
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Bismut [3], Pardoux—Peng [11] and Peng [12], by utilizing It&’s lemma together
with It6’s martingale representation, have obtained an interesting non-linear version
of Feynman—Kac’s formula for solutions of semi-linear parabolic equations in terms of
backward stochastic differential equations (BSDE). The goal of the present paper is to
derive a Feynman—Kac formula for solutions of the Navier—Stokes equations in the same
spirit of Bismut and Pardoux—Peng [11], and to study the random terminal problem of
the stochastic differential equations associated with the vorticity equations.

The main idea contained in [3,11] may be described as the following. Let u(t,z) =
(ul(t,z), -, u™(t,z)) be a smooth solution to the Cauchy initial value problem of the
following system of semi-linear parabolic equations

%ui —vAuU' + f(u, Vu) =0, u(0,2) = up(x) in RY (1.1)
where i = 1,---,m, and v > 0 a constant. Let B = (B',---, B?%) be the standard
Brownian motion on a complete probability space (12, F,P), x € R¢ and T > 0. Let us
read the solution u along Brownian motion B. More explicitly, let Y; = w(T—t, /2vB;+x)
for t € [0,7] and Z; = Vu(T — t,\/2vB; + z), where Vu is the linear operator from R?
to R? defined by Vu(-,z)v = 4| _gu(,z + ev),v € R%. Applying It6’s formula to u and
B we obtain

T T
Yy -V, = /f(YS,ZS)der \/QI//ZS -dB,, Yy =uo(Br). (1.2)
t t

In literature, (1.1) may be written in differential form
dY = f(Y, Z)dt + V2vZ - dB, Yy =¢, (1.3)

where the arguments s, ¢, etc. are suppressed if no confusion may arise. The differential
equation above is an example of backward stochastic differential equations, where the
terminal value Y = £ is given. The function f appearing on the right hand side of (1.3)
is called the (non-linear) driver.

Pardoux—Peng [11] made an important observation. If the non-linear driver f in BSDE
(1.3) is globally Lipschitz continuous, then there is a unique adapted solution pair (Y, Z)
satisfying (1.3) for a random terminal value & € L2(£2, Fr,P), which is not necessary
in the form of uo(Br). The solution u and its gradient Vu in turn can be represented
in terms of (Y, Z). This representation may be considered as a non-linear extension of
Feynman—Kac’s formula to semi-linear parabolic equations.

More recently, Kobylanski [9], Delarue [7], Briand—Hu [4], Tevzadze [13], etc. have
extended Pardoux—Peng’s result to some BSDEs with non-linear drivers of quadratic
growth. These papers however mainly deal with scalar BSDEs only, which corresponds
to semi-linear scalar parabolic equations. It remains largely an open problem whether
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the BSDE approach may be applied to non-parabolic type of partial differential equa-
tions. We study in the present paper a class of backward stochastic differential equations
which arise from the vorticity formulation of the Navier—Stokes equations, hence provide
Feynman—Kac type formula for solutions of the Navier—Stokes equations.

Relations between the Navier—Stokes equation and forward—backward stochastic dif-
ferential equations formulated in the group of diffeomorphisms were introduced in [5].

2. The vorticity equation

Let us describe a class of (infinite dimensional) backward stochastic differential equa-
tions associated with the study of Navier—Stokes equations.

The 2D Navier—Stokes equations (without external force) are the partial differential
equations which describe the motion of fluids

g—?—yAu—&—u-Vu—i—Vp:O, V-u=0, (2.1)

where u = (u!, u?) is the velocity field, v the viscosity constant and p the pressure. The

mathematical study of the Navier—Stokes equations is interesting by its own, and even
the simplest situation where the space periodic condition is supplied is of interest.
Suppose that u(0,z) = ¢(z) is a smooth vector field with period one, that is,
o(z + e;) = p(x) for all z € R?, where e; = (1,0) and ey = (0,1) the standard basis
in R2. Then, the unique solution (u,p) to the 2D Navier-Stokes equation is smooth

on (0,00) x R? and periodic in space variables, so that u(t,z + e;) = u(t,z) and
p(t,z +e;) =p(t,x) forallt >0,z € R? i=1,2.
Let
ou?  Oul
= 2.2
YT oxt T 822 (2:2)

be the vorticity of u, which is a scalar function in dimension two, and thus the evolution
equation for w is a scalar partial differential equation

%—(:—UALU-FU-V(.U:O. (2.3)

Eq. (2.3) is called the vorticity equation which is equivalent to the Navier—Stokes equa-
tion. The relationship between the scalar function w and the associated vector field u is
determined by the Poisson equations

Oow

1_ 0w 2 _
Au = 92 and Au Bl (2.4)
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By (2.2) the average of w(t, z)

w(t,x)de =0 forallt>0, (2.5)

[0,1)2

so that (2.4) has a unique periodic (with period one) solution u = (u!,u?). We define
linear operators K; : w — u’ (where i = 1,2) and K : w — u by solving the Poisson
equations (2.4), where w is a real function with period one and mean zero.

Let T? = R?/Z? be the 2D torus equipped with the standard metric and the Lebesgue
measure. We may identify tensor fields in R? with period one canonically with the cor-
responding tensor fields on T2. For example

LA(T?) = {f € L}, (R?) : f(- +e;) = f(:) for i =1,2} N L*([0,1)?).

If f € L?(T?) then

)= 3 eI fgy (2.6)
keZ2
where
F(k) = / VTR £ dy, k€ 2 (2.7)
[0,1)2

is the Fourier transform of f, (-,-) denotes the scalar product in Euclidean spaces.

Lemma 2.1 (Green’s formula). Consider the Poisson equation

Ag=—f inT / a(y)dy =0, (2.8)
Tz

where [ f(y)dy =0 and f € L*(T?). Then the unique solution of the problem (2.8) is
given by

27/ —1(k,z)
o) = > ), (2.9)

k€72, k£0

Our first goal is to derive a probabilistic representation for w in terms of Brownian
motion. To this end we set up the probability setting with which we are going to work
with. Let B = (B, B?) be a standard Brownian motion on a complete probability space
(2, F, P), and define
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Y(w,t,z) =w(T —t,z+ \/%Bt(w))v

3]
ZNw,t,r) = a—;(T—t,x—i— \/%Bt(w)),

0
Z2(w, t,x) = a_w? (T - t,2 + V20B;(w))
T

for (w,t,x) € £2 x [0,00) x R2. We will often suppress the random element w from our

notations, and write Y (¢, x), Y; or simply by Y for Y (w, ¢, x), if no confusion is possible.
Let ¢ = % — gf; be the vorticity of the initial velocity ¢ = ug, and &(z) =

Y(x + v2vBr). Then, it is clear that £ is smooth and periodic in x (with again period

one). According to It6’s formula

T
{(z) —Y(tz) = \/%/Ww(T — s,z +V2uB,),dB,)

T
+ /(%w + VAUJ) (T —s,x+ \/%Bs)ds. (2.10)
s
t

Now, by using the vorticity equation (2.3): substitute —86—‘;’ + vAw by u- Vw to obtain

T T

&) =Y (t,x) = /<Z(s,x),X(s,x)>d8 + \/%/<Z(s,x),st> (2.11)

t

where for simplicity we have set
X(t,z) =u(T —t,z + V2vB)

which is continuous in ¢, smooth in z, and periodic in z. Next, we wish to rewrite X (¢, z)
in terms of Y and Z. To this end, it is a good idea to introduce some notions in Fourier
analysis, and establish several notations which will be used in what follows.

Let us apply Green’s formula to the vorticity w of u. According to (2.4) and (2.9), we

have
\/—1 ]{?2 = 27,
ul(t,z) = 5 > W62 VIR G (8, ) (k) (2.12)
k=(k1,k2)€Z?, k#0
and
V-1 R
wl(t, ) = — o~ > W62 VIR G (8, ) (K). (2.13)

k=(k,k2)E€Z2, k0
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In other words

— V=1 ky —— — V-1 k ——
ul(t,)(k) = ——r 5wt ) (k) and w?(t,-)(k) = ——5— 5wt )(k),
2 k| 2 |kl
k#0. (2.14)
Hence
X (t,2) =u! (T — t,x + V20By)
V-1 k2 ony=TkatvzoBs, 7 7
=Y Z ThE w(T —t,)(k). (2.15)
k:(kl,kz)EZQ,kﬁéO
On the other hand
Y(t, (k) = / e VIR (T — t,y + V20 B,) dy

[0,1)2
— 27V Tk V2UBY) / e VIR (T — t,y)dy
[0,1)2++v2vB,
— 2mVT(h VB / e 2V (T — 1, y)dy
[0,1)2

—

_ e2ﬂﬁ<k’th>w(T —t, )(k)

here the third equality follows from the fact that w is periodic. Substituting the above
equality into (2.15) to obtain

=1 e
Xtao)="= >, pee™ TRV E k), (2.16)
k=(k1,k2)€Z2,k#0
and
\/—1 k)l A/ — e )
X2(ta)=-—Y—= > W& VIR (¢, (k). (2.17)

kot (k1 k) €22 k£0

By our definition of linear operators K;, the previous equations (2.16), (2.17) may be

written as

X/(t,z)=K;(Y(t,)(x) VzeR’j=12 (2.18)
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Thanks to (2.18) we may finish our computation for Y as follows. According to (2.11)

T

(z) =Y (t,x) = \/%/<Z(s,x),st> + /<Z(s,x),K(Y(s, D) (@))ds  (2.19)

t

where z runs through R2.
3. Feynman-Kac formula for the vorticity
The preceding stochastic integral equation (2.19) may be put in a differential form
dY =(Z,K(Y))dt + V2v(Z,dB),  Yp=¢ (3.1)

where the time space variable x, for simplicity, is suppressed. The initial value problem
to the vorticity equation (2.3) is transferred to a terminal value problem to the stochastic
differential equation (3.1) within the formulation of BSDEs. In order to derive a non-
linear version of the Feynman—Kac formula for the vorticity w, we need to study the
infinite dimensional BSDE (3.1).

BSDE (3.1) possesses two features which make it difficulty to study. First, the stochas-
tic equation (3.1) must be solved in a function space, so it is an infinite dimensional
stochastic differential equation (with finite dimensional noise). Second, the non-linear
term in this BSDE is quadratic in Y and Z, which is the origin of all difficulties. There
are few results in literature about this kind of backward stochastic differential equations.

Let B = (B, B?) be a standard Brownian motion on a complete probability space
(2,F,P). Let FY = o0{Bs: s < t} and (F;);>0 be the completed continuous filtration
associated with (F?);>0. Let O and P be the optional and predictable o-fields on 2 x
[0,00), respectively. Let @ = O x B(R?) and P = P x B(R?) be the optional and
predictable g-algebras on 2 x [0, 00) x R2. A Q-measurable (resp. P-measurable) function
on 2x[0,00) xR? is called an optional (resp. predictable) function, or called an R2-valued
optional (resp. predictable). We may similarly define O x B(T?) and P x B(T?) which are
identified with elements in the O x B(R?) and P x B(R?) respectively which are periodic
in the space variables with period one.

In order to derive a non-linear version of the Feynman—Kac formula for the vorticity
w we need to prove the existence and the uniqueness of solutions to (3.1) subject to the
given terminal value £. Actually we will do this for a general terminal value £ which is
not necessary in a form of p(Br).

We will assume that ¢ is a bounded random function on §2 x T? which is Fr @ B(T?)
measurable, and furthermore, we assume that for every w € 2, &£(w,-) € W22(T?), and
ng &(w,y)dy = 0 for all w € (2. In particular, according to the Sobolev embedding,
x — &(w, x) is continuous on T? for every w € (2.
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By a solution to BSDE (3.1) we mean a pair of P-measurable stochastic processes Y
and Z, such that:

1) For all z € T?, (w,t) — Y (w,t,x) is continuous semimartingale, and for all (w,t) €
2 x[0,T), Y(w,t,-) € L*(T?).
2) For every z € T?,

T
E/|Z(t,x)|2dt < 400
0

so that the Ito’s integral [ (Z(-,z),dB) is a square integrable martingale for
every x.
3) It holds that

Y(t2) = £(x) — /(Z(s,x),K(Y(s,-))(x)>ds - \/%/<Z(s,x),d35>

almost surely on 2 x T2, for t € [0,T].
Now we are in a position to state our main result.

Theorem 3.1. Under above assumptions on the terminal value €, there is a unique solution
pair (Y, Z) to BSDE (3.1) such that

1) Y is bounded on 2 x [0,T] x T?, and
2) For almost all x € T2, the Itd’s integral [ (Z(-,x),dB) is a BMO martingale, and

T
ess sup E /||Zs||2ds Fip < 400
[0,T]x 2 /

where || - || denotes the L?>-norm on T?.

In particular, by applying Theorem 3.1 to £ = ¢(Br) where ¢ = V X ug is bounded,
C? on T? and using standard methods for backward differential equations (cf. for exam-
ple [6]) there exists a function w such that Y (t, ) = w(T —t,/2vB; +x), where (Y, Z) is
the unique solution pair of (3.1) with terminal £ = ¢(Br). Moreover w is the solution to
the vorticity equation (2.3) subject to the initial value u(0,-) = ug. ¥ may be regarded
as the probabilistic representation for the vorticity w. Therefore the method provides a
probabilistic solution of the vorticity equation.
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The proof of Theorem 3.1 relies on two important technical facts. The first is the
L?-estimate for the linear operator K, and the second is a maximal principle formulated
in terms of backward stochastic differential equations.

4. Several technical estimates

In order to prove the main result Theorem 3.1, we need several A priori estimates.
4.1. A priori estimates for K

Let us recall the definition of K. Note that we identify tensor fields in the torus T?
with the tensor fields on R? with period one along each space variable. For k € Z, and

q > 1 the Sobolev space

Wha(T?) = {f:0*f € LL (R*) N L9([0,1)?) for || < k and f(- +¢€;) = f()

loc

for i = 1,2}

together with the Sobolev norm

1/q
ko= (3 flovs]:)

a€Z? |a|<k
where || - ||, is the L9-norm over T?, that is
1/q . 1/q
1= f1) "= ([ lrlras)
T2 [0,1)2
If ¢ = 2 then we use || - || instead of || - |2 for simplicity.

According to Sobolev’s embedding theorem, W?2:2(T?) — C'%(T?) for some « € (0,1),
so any element in W?22(T?) has a unique continuous representation.

If f € L*(T?) such that Jio.1y2 £ =0, then Kj;(f) = g; are the unique solutions (with
period one) such that f[O’I)Q g; = 0, solving the Poisson equations

of A of

A = - — [ —
g1 Oy’ g2 o7,

on T2, (4.1)
By definition, if & = (a1, a2) € Zy X Z4, then 0°K;(f) = K;(0%f), where 0% stands
L for simplicity as long as 9°f € L%(T?).

for the partial derivative Erar e

On the other hand

of of
/ Vgl / 9;Ag; / g~ or / 92,
T2

T2 T2 T2
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according to j = 1 or j = 2. Integrating by parts together with Cauchy—Schwarz inequal-
ity to the last integrals we deduce that

/ Vg, < / Vg, / Tt
T2 T2 T2

which yields that

IVE;(DI < Ifl, 5=1.2 (4.2)

Let A; > 0 be the spectral gap for the torus T?. Since sz K;(f) = 0, according to the
Poincaré inequality
(4.3)

| K; IVE;(f)]| <

1
\/—)\—1||f||-

Therefore we have the following elliptic estimate (for more details see for example
[1,2,10]).

ol S\/L)\—J

Lemma 4.1. There is a universal constant Cy > 0 such that
K5 (Plj.0 < Coll Flli-1.2
for any f € WFL2(T?) with [, f =0, where k € N.
In particular, if f € W12(T?), K(f) is a-Holder continuous.
4.2. A maximum principle

Let us formulate a probabilistic version of the maximum principle in terms of BSDE.

Lemma 4.2. Suppose y is a continuous semimartingale such that

T T

Y = Yyr — /(h,z)ds - /(z,dB> fort e [0,T],

t t

where yr is a bounded Fr-measurable random wvariable, both z and h are R%-valued
predictable processes such that

T
E/ |2|%dt < oo
0
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and suppose that

t t
1
R :eXp[—/(h,dB> - 5/|h|2ds
0 0

is a martingale up to T. Then |Yt|oo < |yr|oo for all t € [0,T].

Proof. Define a probability Q with density R. Then P is equivalent to Q on Fr, and
according to Girsanov’s theorem Bt = B;+ fot hsds is a standard Brownian motion, and

T

Yo —yr = _/<Zvdé>'

t

Therefore y; = E@{yr | F;} so that |y¢|e < [y7|eo- O
4.8. A linear BSDE
Let us consider the following linear BSDE
dY = (Z,h)dt +(Z,dB), Yr=¢ (4.4)

with h € Q is a given optional process (valued in T?) such that for each (w,t) € 2x[0,T7,
h(w,t,-) € C(T?) and

T
E/]h(t,a:)fdt <oo VreT? (4.5)
0

¢ is the terminal value:
£ € L™ (02 x T?) N L™ (02, Fr, W»?(T?)).

The linear equation (4.4) may be solved for every z € T?, and in fact we may solve the
linear BSDE

dY (t,z) = (Z(t,x), h(t,z))dt + (Z(t,z),dB),
Y (T,z) = &(z), (4.6)

by means of changing probability. More precisely, for each z € T?, since (4.5) holds, we
can define a probability Q% on Fr by % = R(T, ), where
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R(t,x) = exp [— /<h(s,x),st> — %/!h(s,x)lzdsl.

0 0

If (Y(,2),Z(-,x)) is the unique solution of (4.6), then, according to the Girsanov theo-
rem, Y (-, ) must be a martingale under the new probability Q*, we therefore have

Y(t,x) =E¥ {&(2) | Fi}

which implies that

e | 7]

Y(t,z) = E{
for (t,z) € [0,T] x T?. Therefore we have established the following
Lemma 4.3. Suppose that & is W22(T?)-valued Fr-measurable random variable, and
suppose that h is a W?2(T?)-valued adapted stochastic process satisfying (4.5), then the
unique solution to (4.4) is given by
Y (t, ) = E{&(x)e S5 (h(s,2),dBs) =5 [T |h(s,a)|*ds | Fi} (4.7)
fort €10,T] x T?.

It is clear that

;Y (t,x) = E{ajf(@]]%;g((j;;)) ‘ ft}

T

T
+E{g(x) < /(ajh(s,x),st>/<h(s,x),5‘jh(s,x)>d5> ]Z((?f)) ’ft}

t

so we have the following simple fact.

Corollary 4.4. 1) If in addition £ and h are bounded, then the solution Y is continuous
n (t,x). 2) If in addition & and h have bounded derivatives in x, then so is Y.

5. Proof of Theorem 3.1

This section is devoted to the proof of Theorem 3.1. We will use the following
convention in our proof. The elliptic estimates show that if f € WP"2(T?) then
K(f) € Wk+tL2(T?) thus if k > 1, then, according to the Sobolev embedding, K (f)
has a Hélder continuous version. Therefore, if f € W12(T?) for k > 1, K(f) is always
chosen to be its continuous version.
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Let H denote the collection of all bounded P-measurable stochastic processes Y on
2 x [0,T] x T? satisfying the following conditions:

1) For each * € T2, Y(-,z) is a continuous semimartingale (up to time 7T') on
(2, F, Fi, P) whose martingale part M (with My = 0) is a BMO martingale, and Y7 = &.
Moreover, for every (w,t) € 2 x [0,T], Y (w,t,-) € W%2(T?).

2) Let the Itd’s representation of the martingale part

t
/ dBt
0

where Z is P-measurable. Then

ess  sup E{/|Z |%ds ’ }"t} < +o0.
[0,T]x 2

Let Y € H, we define £L(Y) =Y by solving the following linear backward stochastic
differential equation

dY (t,x) = (Z(t,z), K (Y (t,-))(2))dt + V20(Z(t,2),dB;),  Y(T,z)=§(z), (5.1)
for every z € T2. Then Y € H.
5.1. A priori estimate for the density process Z

If Y € H, in particular Y is a bounded function on £ x [0,7] x T2. ||Y||oc denotes
the essential bound of Y on £ x [0, 7] x TZ.

Suppose Y € H such that ||Y||ec < Ci. Define Y = £(Y), and Z the density process
of the martingale part of Y, that is, define (Y, Z ) by solving the following linear BSDE

dY =(Z,K(Y))ds +v2v(Z,dB), Yr=¢ (5.2)

where |&(w,t,z)| < C;. By the maximal principle, |Y (w,t,z)| < Ci.
For simplicity, we will use E”* to denote the conditional expectation E{- | F;}.
By Itd’s calculus,

T T T
V3] = |€[? _2y/|2|2ds_2/?<Z,K(y)>ds—2@/Y<Z,d3>.

t t
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First take conditional expectations, to obtain that

|§~/t|2 + 2R

Tt~

T
|Z|?ds = BE7*|¢|? — 2R /Y/<Z,K(Y)>ds
t

< 0% +20,E7 /|<Z,K(Y)>\ds
then integrating over T? and using the estimate from the maximum principle, we have

T T
||ﬁ\\2+2uEft/||Z||2dsgc%+2011Eft//y<Z,K(Y)>|ds
t

t T2
<ct+ 208" [|K)|12]ds
t

T
< C? 4+ CE” /HK(Y)H2 + %nzﬂds

t
T T
< CF 4 eC1CET /||Y||2ds Cigr /||Z||2ds
t t

for every € > 0. Recall that

121 = ess s B / 1Z|2ds.

It follows that

_ Cy 1 -
1210 < G |C1 + T=CEC0 + 212 o) (5.3

Choose € = %, we obtain

. C
1 Z|| 5o < 71,/1/ + TCyC2.

That is, the norms ||Y||s and || Z|| saso are uniformly bounded, depending only on v,
Cl, CO and T.
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5.2. Contraction property

Let a be a real number to be chosen later, and consider Y;* = e®'Y; and Y, = 'Y},
Then, according to integration by parts

dY* = (Z,K(Y*))ds + V2v(Z*,dB) + oY *dt.
Denote §Y* = Y — Y'® and 6Z% = Z* — Z'®. Then
d(0Y®) = &ds + a(6Y ) ds + V2v(52%,dB)
where
By = (2, K (V7)) — (2L K (Y[").

It follows that

T T

cra|2 Sa |2 cra|2
157, :—21//yéz | ds—2a/|5Y 2ds
T
-2 / (6Y*)®ds — 2v/2v / (6Y*)(6Z*,dB)

t

by taking conditional expectation given the information up to F; we obtain
T
5 ]” = —2yEf‘/](52“]2ds—ZaEF‘/‘éYa‘st—ﬂﬂft/ (57 bds.
t t t

Now integrating over T2, to obtain

T T T
|67 = —20E" / 162°%ds — 207 / 672 %ds — 2B / / (67)ds. (5.4)
t t t

T2

Let us write for simplicity

T T
— ||6¥2 | + 2" /||52a||2ds + 20E” /]|6§70‘||2ds.
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Then (5.4) implies that

t) = —2EF / / (6Y™)®ds

t T2

< QEE/HayaHH@nds

T T
§2<EF‘/H5Y“H2(15> (Eﬂ/HqBH?dS)
t t

=
=

which yields that

T 3 T
J(t) < 2<Eff / \|6Y“||2ds> (E’t / ||@||2ds>

< QQEE/H(SYCW ds + /||Q'5H2ds

=

Let us now consider the last integral appearing on the right-hand side of (5.

clear that

@]l = || Z - K(Y) — Z5 - K(Y)||
=||Zs- K(6Y2) + 622 - K (V)|
< [K@Y) I Z )+ (15 () |[loze ]
< Col|oY 2|1 Zs ) + Col| Y2 ([0 2|

plugging into (5.6) we conclude that

2
v

C2C2 v+ TCy
[0

T
~a 2
J(t) < 2aE% / 672 |ds + 2

T
2,12 _
+ SCipr /||5Z“||2ds
«
t
where we have used the uniform bounds

y 5 C
[Y[leo <C1 and || Z]|pmo < 71\/1/+TCOC'12.

675

(5.5)

(5.6)

6). It is

(5.7)
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Choose a > 0 such that

C2C? v+ TCyC? < 1 Cc2c? SV
o V2 = 16’ a 4

then (5.7) yields that
- ~ 1
10V oo + 1102 paro < 5118V -
Theorem 5.1. There is o > 0 such that, L is a contraction on H under the norm

1Y lasoo = 1Y oo + 120 5az0

where Z{ = et Z, and Z is the density process of the martingale part of Y.

We are now in a position to complete the proof of Theorem 3.1. The sequence of
Picard’s iteration is constructed as the following. Begin with

Yo(t,z) = E{{(x) | F1}

(here we mean the continuous version of the optional projection of £) and Zj is the
density process of Yy with respect to the Brownian motion determined by Itd’s martingale
representation. Since £ € W22(T?), so Yy(t,-) € W22(T?) for all ¢ almost surely. Define
Yoi1 = L(Y,) for n = 0,1,2,---. Then Lemma 4.3 implies that all ¥;, € H and in
particular (¢,2) — Y, (-, ¢, z) are continuous almost surely, so that

P{|Y,(t, )| < Cy for all (t,z,n) € [0,T] x T* x N} = 1. (5.8)

Theorem 5.1 implies that {Y;,} is a Cauchy sequence under the norm || - ||o,cc for some
a > 0, and therefore has a limit ¥ which is a solution to (3.1).
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