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In Ref. 2 V. Arnold has shown that the Euler flow can be identified with a
geodesic on the group G of volume preserving diffeomorphisms with respect to
the L2 metric. Following this approach, the geometry of G plays a fundamental
role in hydrodynamics and is important for instance in the study of the stability
of the fluids motion. It has been developed by many authors, one of the first
being Ref. 5, see also Ref. 3 and references therein.

In this paper we consider the d-dimensional torus as the underlying mani-
fold, we compute the constants of structure and the Christoffel symbols of the
corresponding group of volume preserving L? diffeomorphisms.

Using infinite dimensional stochastic analysis we construct the stochas-
tic parallel transport on G along Brownian paths where some weights on the
Fourier modes are considered. Then there is a matrix which describes the en-
ergy transfer between modes: its exact computation in the two dimensional
case has been done in Ref. 4, where a machinery already developed in Ref. 1 in
the context of the Virasoro algebra was used. Here, for the d-dimensional case,
we prove the existence of such matrix and establish some qualitative estimates.

Keywords: Stochastic parallel transport; geometry of diffeomorphisms group

1. Basis of Lie algebra of vector fields with vanishing
divergence

We shall denote by G the group of measure preserving diffeomeophisms of
the torus T and by G its Lie algebra, consisting of real vector fields on 7%
with vanishing divergence.
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We look for an L2-orthonormal basis of complex vector fields with van-
ishing divergence. We use the key fact of the invariance of this space by the
translation operator:

[(7)-Y](0) :== Y (0 — ).

Define
1
Yyn .= 2 /Td[(@,)*Y] exp(in.p) do, n = (ny,...,nq) € Z%
Then Y™ has a vanishing divergence; furthermore
n 1 .
((70)Y")(0) = @ s Y(0 = ¢ — o) exp(in.g) dp.

Make the change of variable ¢’ — g = ; then
(740« Y)(0) = exp(—in.o)Y")(6).

Considering this identity at § = 0 we find Y"(—¢g) = exp(—in.9)Y"(0).
Therefore we can look for a basis of vector fields with vanishing divergence
of the form

zp exp(in.f), z, is a fixed vector in R%.
As we have div(z, exp(in.f)) =i n.z, exp(in.0), we get
Proposition 1.1. The vector fields of the form
zrexp(i k.0), k.zp=0 (1.1,)

generate the vector space of complex vector fields with zero divergence, and
vector fields asssociated to two distinct values of k are orthogonal.

To find an orthonormal basis we have to find for each k£ an orthonormal
basis of the space Vi, := {2 € C?: k.z = 0}; define

&L = {.’L‘ eRY: ka= 0}, then £_j = &; (1.11,)

and Vi = & ® C. We obtain the wanted orthonormal basis by picking,
for Vk # 0, an orthonormal basis €, ... ,ez_l of each &; we make the

convention to take
€¥) = e€n. (1.1.)

Proposition 1.2. Denote Z% a subset of Z% such that each equivalence
class of the equivalence relation on Z¢ defined by k ~ k' if k+ k" =0 has a
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unique repesentative in Z%; denote H,. the Hilbert space of square integrable
real vector fields on T® with a vanishing divergence, then

{ er cosk.l, € sink.@,} (1.2)
keZ?, ag[l,d—1]

constitute an orthonormal basis of H,.

Proof. We have

Y = Z zr X exp(i k.0), zi € &, with the reality condition z_j = Zj

k
(1.34)

and [[Y]|7. = 325 2kl %
We can write the complex series (1.3,) as a real series by grouping terms:

Y = Z (zk xexp(ikﬂ)—l—zkxexp(—ikﬂ)), 20 € RY, 21, € §RC. (1.3)
kezd

For k € Zd, writing zx = ag — @ Ok, ok, Ok € Ek, we get

Y = Z <ak x cos(ik.0) + B xsin(ikﬂ)), ap € RY, ay, Br € & (1.3.)
kezd
We want to write automatically the passage from the representation
(1.3,) to the representation (1.3.). We shall formalize the following elemen-
tary Euler identities

1 1

cosk.0 = 3 (exp(ik.@)—l—exp(—ikﬂ)) , sink.f = 5 (exp(ik.@)—exp(—ikﬂ)) .
i

(1.34)

Consider the group ¢ generated by the symmetry 7 : k — —k on Z%;
then ¢ is a group of order 2. Denote x the character on ¢ which takes the
value —1 on 7 and the value 1 on the identity. The powers of x generate a
group of order two; then there exists a coupling of duality ¢ x ¢ — {1, —1},
coupling denoted < * , * >, where ¢ is the dual group of <. Given a function
a defined on Zd, its ¢-Fourier transform is defined as

. 1 R .
"ak:§;aa(;€)x <o,6>, keZzd

Starting from (1.3.) we define a function 1 on ¢ x Z¢ by
ok = (e), O =:vr(x), ke Z7,
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then we get the universal formula describing the passage from (1.3,) to
(1.3.)

1 . N
§j) = ——— o ke Zz%. 1.3¢
W)= T X o ke (13)

If we apply (1.3.) to the function exp(ik.0) we find back the Euler identities
(1.3d). O

2. Constants of structure of the Lie algebra and Christofell
symbols

The bracket of complex vector fields has the following expression:
zpxexp(i k.0) , zgxexp(i 5.0)| = ((2k.5) 25— (25.k) z1) xexp (i (k+5).0) ;
as (zx.8) (k+ 8).zs — (2s.k) (k+8).2, =0, ((zks) zs — (2s-k) zk) € Ekrs-
Let
brs: (€ ®C) x (€5 ®C) — Ekys ® C be defined by

bk,s(zkvzs) = ((st) Zs — (Zsk> Zk); hence

2z X exp(i k.0) , zs x exp(i 8.0)| = bi,s(zk, zs) X exp(i (k+5).0). (2.1,)

Remark that, granted the identification (1.1), we have
b,kﬁfl = _bk,l- (215)

The function by ; is defined on & x & and takes its values in £;. In the
orthonormal basis €, ef , € 4 1t is expressed as

[kaEﬁ or more intrincally by ; € (& ® & ® k1) @ C, (2.1,)

this last indentification being possible granted the euclidean structure of
the &,.
Let Y, Y’ be two real vector fields

Y = Z <zk x exp(ik.0) + zZi x exp(—ik.&)),

kezd

Yy’ — Z 2t x exp(is.f) + z. X exp(—isﬂ)),
seZd
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[Y,Y'] Z Ay, s where
k,seZd

Ag.s := |zpxexp(i k.0)+z xexp(—i k.0) , 2. xexp(i s.0)+z, xexp(—i 5.6)
(2.14)
= bi,s(2k, 25) X iexp (i (k+8).0) + b_p s (Zk, 25) x iexp (i (—k + 5).0)

+bi,—s(2k, 2,) X iexp (i (k—8).0) 4+ b_p,—s(zk, z5) x iexp (—i (k+5).0)

Denote by ¢ the Kronecker symbol and define the constants of structure
of the complex Lie algebra H by

CZ,S = bk75 Z-i—s (218)

Previously the component of a vector was depending only upon indices
k € Z?% Now the constants of structure depend upon three indices; the
natural group of symmetry is ¢, group which has for dual group ¢3, the
coupling being given by
3
<o, &>=H<Ui, o; >
i=1
Define

. = >
k,s 8W 02(5

oEgs

T:(T17T27T3)7 k,rS,TEZd, 5’6(.

Remark 2.1. We have ¢ 3gk; oa(s) € Eor (k) ® Eqy(s) @ Eqy(ry ® C which by
(1.1p) is equal to & ® & ® &, ® C; therefore all the elements of the sum

(2.2) belong to the same vector space.

Theorem 2.1. Define a function i giving the expression of the bracket in
the basis

xicosk.0, ypsink.0, ke Zd, Tk, Yk € E as

7/’2,5(17 1,1) is the term which gives the contribution of the terms in
cos k.0, ,cos s.0 on the component on cosrd; ¥y s(1,1,x) the component of
the same term on sinrf and so on. Then we have the universal formula

Vhs(6) =ps - (2.3)
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Proof. We define an induction on the number of components. We have
proved the universal formula when we have a single component. Assume
that we have proved it for tensors with a number of indices < p. Consider a
tensor with p indices. Fixing the last index we obtain a tensor with (p — 1)
indices for which the universal formula holds true; fixing the first (p — 1)
components we obtain a vector for which the universal formula holds true;
finally the universal formula stays stable by cartesian product. O

Christofell symbols
The Christofell symbol in the complex basis are defined in tems of the
structural constant

2F§c,s = Cgc,s - Clsc,z +e= bk,s5§c+s - bs,l5§+z + b k054 (2.44)

Remark 2.2. If kls # 0 at most a single Kronecker symbol does not
vanish and in the sum (2.4,) at most one term is different from zero; for
this reason we have not to worry about adding objects which belong to
different vector spaces. To avoid to check constantly facts of this nature we
shall use the canonical injections ji : & + R?, which induce a canonical
injection jy ® js ® 1 1 Ex R Es R E +— RY® R? ® R? all the considered
objects will belong to the fixed vector space R? ® R? ® R.

We obtain the Christofell symbols in the real basis by applying the
universal formula (2.2)'

o8 i e @) N
[ P]k,s T 8W Z a’?(k) 0,2 s X <o , 0 >7 (24[))
ceG?3

3
<o, O'>S:Hl_:1<0'i, o >,
where k,s,1 € Z¢.

Proposition 2.1. For every v € 63 we have [°T]} . € & ® & ® &.

)

In the usual theory Christofell coefficients are scalar; to realize this
situation we have to pick a basis €@, € [1,d — 1] of each &; then the
coefficient ["T'J}, , will give rise to (d — 1)? scalar coefficients. We prefer to
avoid this explicit computation by introducing the following vector valued
tensor calculus. We consider the vector bundle F of basis Z% defined as

|J & and its dual bundle defined as F := | J &;
kezd keZd
of course the euclidean structure of £, defines an identification of (&;)* with
&k In tensor calculus we shall forget this identification. A tensor g-times
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covariant and p-times contravariant is by definition a section of the vector
bundle [F*|®? Q[F|®P

*
*, %

Proposition 2.2. Fiz 6 € ¢3, then we can consider [°T]% , as a tensor

2-times covariant and 1-times contravariant.
Proof. Use Prop. 2.1 and the identification between [E;]* and &j. |

Tensorial contraction
Given £* a contravariant tensor an 7, a covariant tensor their contrac-
tion is

Z trace & @y, == Z <& mp >

kezd kezd

We can contract two contravariant (resp. covariant) indices using the
identification of & with & granted the underlying euclidean metric. We
shall emphasize the use of this euclidean structure by the notation

Z trace g,k fk ®77k = Z (§k | 77k)€k

kezd kezd

Proposition 2.3. Fir k € Z¢ and fix z € &.; denote T'(z) the correspond-
ing operator on F. Then T'(z) is antisymmetric operator.

Proof. Choose 2., 2}, 2,/ such that z_, = z,, 2/, = z;, 2", =z, Define
the euclidean scalar product on £, ® C' by the algebraic prolongation of
the euclidean scalar product on &,: we obtain a scalar product which is

C-linear relatively to the second factor. Using formula (2.4,), introduce the

expression
37 (s (o 20) | 2t0) = (sims(2hy 20 | 20) + (bsmrt (2 22) | 20).
k,s

(2.5)
Fix z and show the antisymmetry in 2/, z”’; firstly

bsk—s (24 2h—s) = —br—s,s(2_s: 25)
according to the expression
b (2ky 25) = (21-8) 25 — (25.k) 2k

therefore the antisymmetry of the middle term of (2.5,) is obtained.
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In the third term of (2.5,) making the change of index of summation
(s —k) — q ~ s, we obtain that the contribution of the first and third term
of (2.5,) can be written as

> (bhs(zr20) | 21s) + (bsr(2l s 20) | 2hys)
k,s
On the other hand,

(0,5 (25 20) | Zhges) + (Do, e(2s 28) | Zhes)
= (2k-5) (25 | 214s) = (20:K) (20 | 204s) —
(25-5) (25 | Zhys) + (255) (2 | Zhys)
= —(2..k) (2n | 2i4s) + (20.K) (20 | 204s),

expression which is obviously antsymmetric in 2/, 2. |

Corollary 2.1. For fized k the matrices

&PZ,* are antisymmetric Y6 € &3. (2.5p)

Proof. As 71"21* is obtained by averaging an antisymmetric operator, it is
antisymmetric. O

Notation 2.1. Given £ a contravariant tensor, we denote the following
antisymmetric operator
- . .
> Ty &8 =T . (2.6)
k

Proposition 2.4. The component of the Christofell symbol on the three
cosines type vanishes.

Proof. This component is equal to °°T', where 69 = (1,1,1); remark that
< 10, 09 >=< 0, 69 > and that 5:83)77(5) = 559,5- Therefore the sum
of twenty four terms defining ?°T" can be split in the sum of twelve terms
each having in factor the following expression 5%,75, X (brr,s 4 br(rr),r(s7))

and (2.1;) finishes the proof. m|

3. Stochastic parallel transport, symmetries of the noise

Consider for each k € Z¢ the complex brownian motion (;(t) associated
to the natural hermitian metric on & ® C'; all these brownian motion are
taken to be independent on the system of relations

C_x(t) = Cr(t),or in real terms ¢ =z +14 yu(t), ke Z, (3.1)
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the xk, yr being independent brownian motion on &. Define
T(da(t)) = Y T(dp(t), T(dye() = > "T(dye(t),  (3-2)
71=1 Y1=—

where the sumation is taken on v = (y1,792,73) € ¢2, the first sum been
restricted to those « for which v; = 1 the second to those 7 for which

v =-1
Choose a weight p(k) >0, k€ Z% and consider the G valued process
pr = Z p(k)(xk(t) X cosk.0 + yi(t) x sink.0) (3.2p)
keZad

Consider the Stratonovitch SDE,

dipy = ( > p(k) (I‘(d:vk(t))-i-l"(dyk(f)))) o ¢y =T(dp) o ¢r, (3.3)

keZd

1o = Identity.

As the I are antisymmetric operators this equation takes formally its values
in the unitary group of G; establishing this fact under mild assumptions on
the weight p, will be the purpose of next four paragraphs.

The geometric meaning of (3.3) is to describe in terms of the algebraic
parallelism inherited from the group structure of G the Levi-Civita paral-
lelism inherited from the Riemannian structure of GG; for this reason we call
(3.3) the equation of the stochastic parallel transport.

Symmetries of the noise
Denote as before by G the group of measure preserving diffeomeophisms
of the torus 7% and by G its Lie algebra.

Proposition 3.1. Given g € G, z € G, the adjoint action

d
2o gexplez)g

€ ‘5:0

is the direct image g.(z) of the vector field z by the diffeomorphism g.

Proof. Reference [6], page 210.

In particular the translation 7, : 6 — 6 4 ¢ is a diffeomorphism whose
Jacobian matrix is the Identity; therefore

[(76)(2))(0) = 2(6 - ¢)
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The collection (7,)., ¢ € T, constitutes a unitary representation of
T? on G which decomposes into irreducible components along the basis

cosk. 0 ®E,, sink.0® &, (34,)
the action of (7,,)« on & @ & being the rotation

’Dk(ﬁp) — (cosk«p — sin k«p)' (34b)

sin ke cos ky

Furthermore 7, preserves the Lie algebra structure. The Christofell sym-
bols are derived from the Hilbertian structure and from the bracket struc-
ture of G. Therefore they commute with 7, in the sense that

(1)« [LE)(M] = T((7):(r)m)l, &, neG (3.54)

or denoting by I'(z) the antihermitian endomorphism of G defined by the
Christofell symbols, we have

L((10)+(2)) = (7o)« © T(2) o (T-5)« (3.50)
Denote by su(G) the vector space of antisymmetric operators on the
Hilbert space G. O

Proposition 3.2. Let p; the G-valued process defined in (3.25) denote
p¥ =: (7,)+p; then p® and p have the same law.

Proof. The rotation Dy (¢) preserves in law the Brownian motion on & ®
Er. O

Corollary 3.1. The processes (1,) o ¢ o (T—,) and 1 have the same
law.

Proof. Denoting by ! the solution of (3.3) associated the noise p;, we
have

(Tcp) o 9 o (T—¢)=¢f¢ O

Definition 3.1. We say that an endomorphism u of G is pseudo diagonal
in the direct sum decomposition G = @V if the restriction of u to Vi
takes its values in Vi; then u is determined by a sequence uy € End(Vy); we
denote u = [uy)], k € Z¢.
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11

Theorem 3.1. The It6 contraction describing the passage from the
Stratonovitch equation (3.3) to its associated Ité form is an operator B
which is pseudo diagonal in the direct sum decomposition

G = @ [k ® Ek) (3.64)

kezd

Furthermore the diagonal term on the component E & & is of the form
—[ Ak, Ai] where A is a positive symmetric operator on Ek.

Proof. Denote £} (resp. £F) the first (resp. the second) component of the
direct sum &, @ &, and pick an orthonormal basis €f of each &. As we have
two injections of & — & & &, the first having its image in the first factor
of the direct sum, the second in the second factor; we denote again €}’ the
image by the first injection and 7y the image by the second injection; we
get in this way an orthonormal basis of £/, i = 1, 2.

The Ité6 SDE has the shape

- ( S o (D(dai(t)) + Dy (6)+

kezd

NI

T(dzy,) * T(day) +§ T (dys,) * I‘(dyk)) b -

Denote by zf (t) = (7,)«2r(t), yf (t) = (75)«yr(t); then z7 (t) has the
same law as xy(t). Therefore
(dxl) * (dzf) = (dzy) * (day)
Using formula (3.5;),
D(dzf) «T(dxf) = (1)« o T(dx) «T(dz) o (7_y)«

Denoting

=3y [p(k)]z(ndxk)*r<dxk>+r<dyk>*r<dyk>) (3.61)
kezd

we have
B=(rp)x o B o (7-¢)x (3.6¢)

Lemma 3.1. An endomorphism of G satisfying (3.6p) is diagonal in the
basis (3.64).
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12
O

Proof. Pick A, € &}, A, € &}, By € 2, By € &} and consider the
2 x 2 matrix M

(A | B(AY)  (Ba | B(AL)
My = (4 | BBr)) (5. | BB

Then formula (3.6.) implies that

M =Dy(p) o s,k © Dr(—) (3.64)

Integrating this identity over 7% we get

@m) M= [ Dule) © Mok o Dil=y) dir g
If we develop the product of matrices of the r.h.s. we find an expression of
the form (cos s.p)(cos k.¢) which will have an integral equal to 0 if s # k.
As T'(x) are antisymmetric we get that their square are negative sym-
metric operators.
As on & @ &, this symmetric operator commutes with the rotations, it
decomposes into two identic copies on each component. O

4. Transfer energy matrix of the stochastic parallel
transport

A sequence of vectors with norm 1 of an Hilbert space can converge weakly
to zero: this phenomena corresponds to a “dissipation of energy towards the
higher modes”. For the construction of the stochastic parallel transport it
is essential to control this dissipation.

We fix & € G and consider

=17 (%)
Pick A; € €}, Ay €&}, By, € &2, By € £ and consider

agk(6o) = E((As | &) x (A | &), 02 x(60) = E((Bs | &) x (Br | &),

al k(&) = BE((As | &) x (Bx | &)

Theorem 4.1. Denote (7,)+(&0) :== &5, then

/ 0l (€5) dp =0, s#k i=1,23. (4.1)
Td
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Proof. Using (3.5;) we get
L(py) = (1o)x © T(pe) o (T—p)x
or by exponentiating
U= (1) 0 Ul o (1)
(T)e 0 U7 = 0] o (1), (4.24)

Applying this identity to the vector £y and changing ¢ in —p we get

(Tp)s 0 ¥P " =0 (&)
Therefore

_ —¢ _ —¢
a1 (€8) = B((AT# | & ) x (4,7 1€ )

Using now the key fact that p, ¥ and p; have the same law, we obtain

au k(&) = E(AT% | &) x (A7 | &) (4.25)

Using the identity A, ¥ = cos(k.p) x Ay + sin(k.¢) x By, and similar
identities we get

gk (65) = cos(k.p) cos(s.p)ay x (€°) + sin(k.o) sin(s.p)al  (€7)  (4.2¢)
+ cos(k.p) sin(s.p)ad . (€°) + sin(k.g) cos(s.@)a . (€°) |

Theorem 4.2. There exists a matriz A defined on Z% x Z such that
denoting

d—1
a0 =B( X 162+ |€)°)
a=1
where the basis €, ny, has been defined in the proof of Theorem 8.4, we
have
du;°

dt

=Au;’ (4.34)

Proof. We remark that (4.2,) implies that

uf‘f(kz) =u$°(k) therefore

7 [, ) de =i h) (4.3,)
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We can implement this fact by adding to the probability space generated
by p a random initial value £ with a uniform repartition of the variable ¢.
By It6 calculus we can write

d

S (k)
dt Jra t

in terms of the
/ @, 1 (£7) der © dipo
Td
expression which vanishes for s # k by (4.1). O

Corollary 4.1. We have
d—1
) =25 ( Xt 1602, (43
a=1
Proof. Use the identity (4.2.) with s = k and integrate in ¢. m|

5. Exact computation of the energy transfer matrix for
d=2

We shall present in section 6 indirect qualitative estimation of the energy
transfer matrix valid in any dimension d > 2. In this section we recall the
full computation from scratch of the transfer energy matrix in the case
d = 2 which was obtained in Ref. 4. These computations give also another
proof of the orthogonality results proved by symmetry arguments in section
4.

When d = 2 the space & is of dimension 1; we take for orthonormal
basis of & the vector (I%I , —I%I) We get for orthonormal basis (for the L?
metric) of vector fields with vanishing divergence on the torus, firstly the
two constant vector fields and

Ay = |%|[(k2 cos k.0)01 — (k1 cos k.0)02)]

1

By,
||

[(kQ sin k0)81 — (kl sin k@)@g)]

where k = (kl,kg) S 22, with |I€| 7§ 0, and where k.0 = k191 + k292.
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For k,l € Z2, k,l+ (0,0), define on Z2 the following functions
1 1
= (I + kP = kP + ) = == ([ | I + &

(5.1a)
B = 0ropa == ([ = K2 = (k2 4 1[2) = 5o (1 | (1~ )

Alk||l]|k — 1| 2[k|[U]|k — 1|
(5.1p)

k1] = kyly — kaly.

The brackets of the above mentionned vector fields are given in the
following

Theorem 5.1 (Ref. 4). The following expressions hold

[Ag, At] = 2[|kk’|i]l| (|k 41| Byt + |k = 1| Br—1)

[Bi, Bi] = —Mﬂk +1|Biyi — |k — 1| Br—1)
2| ||2]

[Ag, Bi] = —Mﬂk + A — |k —1|Ax—)
2| ||2]

Concerning the Christoffel symbols,
Theorem 5.2 (Ref. 4). The Cristoffel symbols are
Lay,a, = [k, J(arBrti + B Br-1)

I'p,,B, = [k, l|(—o,1Biti + BraBr—1)
Ta,. B = [k, (=01 At + BriAr—1)

Upy,a, = [k (—ak 1Ak — BriAk—1)
In this two-dimensional case the equation for the stochastic parallel
transport reads
dipy =~ p(k)L a,.odz" + p(k)T 5, ody® )iy
k#0
with independent Brownian motions in all components, ¥ (0) = id.
We remark the difference with respect to Ref. 4 of the constants appear-

ing in (5.1,) and (5.15): taking indices in Z2, only half of the quantities
computed in Ref. 4, Theorem 3.1, have to be considered.
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Theorem 5.3 (Ref. 4). The coefficient of the transfer energy matriz are
given by

Al = _QZ[PU‘?)PU’k]Q X <ﬂk,kzﬁk,l + ak,klak,l)
K

A= ST x (874 G 1)
k

The matriz A is symmetric, the non diagonal terms are positive, the
diagonal terms are megative, the sum of the coefficients on each column
vanishes.

Remark 5.1. Notice that

o, B (l|l — k)2

Brk—10k,1 = Qg = kP22 — K2
o B (1)l + k)?

Q. Q] = ﬁk,l-i-k = W

Corollary 5.1. Denote xi, the angle between the vectors k and l; then

Ui
4 =5

3 Z (1 — cosdxk,) % [p(k)]2

keZ?

S Lok IL K % k(ai,l_k Rk ) 0

k
If p(k) depends only upon |k|
(Al > cl?, de:= Y [p(k))? (5.2)

keZ?

6. Qualitative estimation of the energy transfert matrix for
d>2

We propose ourselves to obtain in dimension greater than 2 the estimates
(5.2).
We interpreted the "I _ as defining operators & — &, the euclidean

*,8

structure of the £; makes possible to define their adjoint; then
trace("T% ) ("T", ,)*

is well defined and is equal to the HS norm (Hilbert-Schmidt norm).
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Theorem 6.1. The diagonal terms of the matrix A are expressed by the
diagonal terms of the diagonal matriz B defined in (3.6,),

Al = =2 trace (\1,) (6.1,)
and, as a consequence, are negative; the non diagonal terms are given by
2 2
AL= o) | DT+ DR YD | L 1 # s
kezad y1=1 HS  pcza y=— HS
(6.15)

The non diagonal terms are positive. The sum of the terms of each column
vanishes. The matriz A is symmetric.

Theorem 6.2.

1

T A S P Dl + 3 k(). (6.2)
k k

Proof. We have,

WAL < D IT s o (k)]
k,s

which by (2.4,) is equal to

> e 1ok -l s + 11br—1]
k

Ts + ik kllirs)

Finally, using the expression of by ; we get the inequality by ;||%¢ < (d —
D2(Ik? + 131%)-
O
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