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Abstract. Classical contact geometry is an odd dimensional ana-
logue of symplectic geometry. We show that a natural probabilistic
deformation of contact geometry, compatible with the very irregular
trajectories of diffusion processes, allows to construct the stochastic
version of a number of basic geometrical tools, like Liouville mea-
sure for example. Moreover, it provides an unified framework to
understand the origin of explicit relations (cf.“quadrature”) between
diffusion processes, useful in many fields. Various applications are
given, including one in stochastic finance.
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1 Introduction

In [1] (afterwards referred to as [Iso]) we have introduced a concept of “stochastic
quadrature” for one dimensional processes solutions of stochastic differential
equations (SDE):

dz(t) = Vhdw(t) + B(z(t), t)dt (1.1)

with respect to the increasing filtration P; of the Brownian process w(t). In
Eq(1.1), ki is a positive constant and the drift B is of the special form

~ o
B(q,t) = h=—Inn(q,t 1.2
(g,t) 9 ni(q,t) (1.2)
for 17 a positive solution of
an n?o*ny
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with ¥ a compact or semi-infinite interval of R.

The point of our construction of such stochastic quadratures was to provide
an unified framework explaining the origin of explicit relations between some
families of diffusion processes, often very useful in computations but hard to
guess a priori.

A typical example of stochastic quadratures is Doob’s familiar relation
between the Brownian and the Ornstein-Uhlenbeck process z(t) starting from

x:
2(t) =e Pt {:v +w (i (2P — 1))} (1.4)
26
for § the multiplicative constant of the linear drift of z(t).

Another motivation of [Iso] was more geometrical and aimed to answer a
question apparently unrelated with our first point: how could we construct
a natural stochastic symplectic geometry? Indeed, elementary as it sounds,
the basic problem of the construction of a stochastic analogue of the classical
Liouville measure, for example, does not seem to have found, as yet, a natural
solution. This could be at the origin of conceptual difficulties when trying to
construct probability measures for infinite dimensional symplectic dynamical
systems.

Our understanding of the above adjective “natural” stems from the origin of
the Brownian w(t) itself: the construction in question should use nothing more
than (the geometrical content of) Eq(1.3) itself.

Our purpose here is to show that the method introduced in [Iso] is conside-
rably more general than we thought initially.

On one hand we can add perturbation potentials ¢ and V to Hy in the
parabolic equation (1.3):

o mo% o7 _
a - 2og + G(Q)a—q + Vg, t)n (1.5)
= Hpy

and our method will provide for free a maximal class of such potentials allowing
to reduce the analysis of stochastic quadratures to the one of Eq(1.3). However,
let us stress at once that the method advocated is in no way restricted to any
special class of Hamiltonians.

It will appear that the underlying geometry 1is, in fact, more
general than symplectic. It can be regarded as an h-deformation of the classical
contact geometry of elementary dynamical systems whose Hamiltonian is the
“classical limit” of H in Eq(1.5).

Although this deformation is quite similar to the one expressing the transi-
tion from classical to quantum dynamics where & stands, of course, for Planck’s
constant (with the crucial difference that Schrédinger’s equation is replaced
here by its “Euclidean” or “imaginary time” parabolic counterpart (1.5), better
suited to a probabilistic analysis) our results are relevant to any fields where
one needs to seriously compute with diffusion processes.



The organization of this paper is the following;:

§2 is a summary of the geometrical study of classical Hamilton-Jacobi equation
and its relation with classical Hamiltonian and Lagrangian dynamics. What
we shall need, specifically, is the contact geometrical approach to Hamilton-
Jacobi equation (HJ), which is not very familiar, even in mathematical physics.
Instead to present immediately its more elegant (but abstract) version in terms
of ideal of differential forms, due to E. Cartan, we recall how the more traditional
approaches are indeed founded on a special set of differential forms and how the
geometry of HJ can be expressed in term of the Lie dragging of those forms
along its symmetries.

Hamilton-Jacobi-Bellman equation (HJB) will be regarded here as a de-
formation of its classical counterpart and §3 is devoted to the analysis of its
geometrical content, in Cartan’s perspective. Theorem 3.1 describes the Lie
dragging of the deformed ideal of forms associated with HJB, in terms of the
coefficients of the infinitesimal symmetries of this PDE. It is the general result
on the geometrical content of HJB valid for any (regular) potential V.

Although the statement of Theorem 3.1 seems, a priori, to have no relations
whatsoever with stochastic analysis, one of the symmetries involved, as well
as the deformed basic invariance identity for the action functional, strongly
suggest what to do to find one, namely, in geometrical terms, a section of the
base manifold of independent variables of HJB within the jet space for this
equation.

Theorem 3.2 describes the main results of the probabilistic interpretation
on the base integral submanifold of the jet space, in the perspective of our
stochastic quadratures of diffusions.

84 and §5 contain a list of explicit examples of quadratures resulting from
the general results of §3. Although such quadratures can be computed, in prin-
ciple, each time the determining equations (3.45) are solved, for any given V,
a special (but large!) class of examples is directly accessible using exclusively
the geometry of the free HJB equation (i.e V=0). We mention a Theorem of
Rosencrans explaining how to do this reduction and use it for some explicit class
of diffusions. Those readers familiar with the geometrical approach to the quan-
tization problem will recognize, in the special status of the associated class of
potentials, the probabilistic counterpart of the special status of the metaplectic
representation in quantum physics.

Our last explicit example is inspired by recent results of Patie and Alili
in stochastic finance [2, 12] and show how they can be reinterpreted in our
geometrical perspective.

2 Elementary classical contact geometry

Since this theory cannot be regarded as common knowledge, we shall first sum-
marize the part of classical contact geometry relevant to the geometrical ap-
proach to first order elementary dynamical systems. We shall limit ourselves to
the one dimensional case ¢ € R, only because our explicit examples will be in



this class. For much more about contact geometry, cf. [3, Chapter 5; 4, Chapter
10]. Let us consider the Hamilton-Jacobi equation associated with an elemen-
tary mechanical system of given C? class energy (or Hamiltonian) h(q,p,t),
where ¢ and p denote respectively the configuration (position) and momentum
variables. Departing from the tradition we will choose:

oS oS
——+h ——,t) =0 2.1
5 T (q, o0 ) (2.1)
for a real valued function S(g,t). Introducing the function of five variables
f(g;t,5,p, E) = —=E + h(q,p,t) (2.2)
we can regard Eq(2.1) as the partial differential equation of first order
0s 08
t,S,——,— ) =0 2.3
f <Q7 ) ) 8q ) 8t ) ( )

The idea to define partial derivatives of the dependent variable of (2.1) as new
variables is called “prolongation”.

(Lie’s) characteristic equations for Eq(2.3) are the following:

N S
1o ' T 0B
_ of o p_of  pof
= "o Pas "o Pas 24
\ of of
S=f pap E(?E (2.5)
where - denotes the derivative 4L of the characteristics o(u) = (q(u),t(u),

S(u),p(u), E(u)),u € ¥, an interval of R.
Given the simplicity of Eqgs (1.3) and (1.5), it will be sufficient to consider
elementary Hamiltonians h of the form

hap.0) = 50° + V(a.1) (26)

so, using (2.2) the second equation of (2.4) implies that the parameter u can be
identified with ¢, and therefore - can be regarded as %.
The relation (2.2) shows that the four remaining equations split into Hamil-

ton equations for h as in (2.6) and the (generalized) conservation of energy:

oh oh ov
—_—— = ) — —— — —— 2
i=5, =P P="%.= "%, (2.7)
Oh OV
ot Ot (28)
Regarding (2.5), we obtain, using again (2.7):
) 1.,
= (i)
= —L(¢q1) (2.9)



the right hand side defining (minus) the Lagrangian L of such a mechanical
system. This means that, by integration along the characteristics, for v > t,

qu,v

Sat) = [ L(ra(r). )i + Su(a,) (210)
q,

where a final condition S(g(v),v) = S,(gy) has been introduced (A final con-

dition and not an initial one as usual because we started, here, from Eq(2.1)

instead of the usual Hamilton-Jacobi equation. Cf. [5] for a probabilistic inter-

pretation).

Our starting space R® of the variables (gq,t, S, p, E) is called 1-jet and often
denoted by J!. According to (2.3), our Hamilton-Jacobi equation corresponds
to the hypersurface e = {f = 0} in J1.

In Symplectic Geometry, the basic geometrical object is Liouville 2-form
Q =dpAdq=dw where w = pdq, the Poincaré form. In the (“extended”)
cases where, like here, the conjugate variables (¢, —F) are also needed, one start,
instead, from Poincaré-Cartan form:

wpe = pdg — Edt. (2.11)

In contrast with the symplectic case, the basic geometric object of contact
geometry is the contact 1-form:

w = wpe + dS. (2.12)

For a given contact Hamiltonian f € C°°(J'), the associated contact vector
field is defined by Eqs (2.4-2.5):

Cofo  af o of . of
! = 9pdq  BE (f‘pa—p‘ aE>aS
of  of of _ 05\ 0
<8q+ as)a +(E as) OF (2.13)

Notice that X can be regarded as an (extended) Hamiltonian vector field
only when f does not depend on the variable S.
For f asin Egs (2.2) and (2.6), in particular, we obtain

xp=p2L 4 24 ey 0 Vo L ovo
PP o T\ T2 85 Bqop ' ot OF

Using definitions (2.12) and (2.13) it is clear that for any f € C*°(J1),
w(Xy) =f (2.15)

so that any contact Hamiltonian f can be defined that way.
The Lie algebra of contact vector fields is in bijective correspondence with
a Lie algebra on C°°(J1), defined through the Lagrange (or Jacobi) bracket

{.,.}Li

(2.14)

{f, 9} = w([Xg, Xf]). (2.16)



As suggested by (2.13), it is only when f and g do not depend on the variable
S that this bracket provides a Poisson structure (since, in general, it does not
satisfy Leibniz rule).

A contact vector field X,, for Eq(2.3) is called an infinitesimal symmetry of
this equation if and only if

{f,n}r =0 one. (2.17)

Let us come back to our elementary system defined by (2.2) and (2.6). If we
look for symmetry Hamiltonians n of the simple form

n(‘]apa i, E) = X(q7 t)p - T(t) E - ¢(Q7 t) (218)

for undetermined real valued coefficients X, T and ¢, one checks that they are
allowed, indeed, every time those coefficients solve the “determining” equations:

X 90X  d¢
T_2a_q’ ot 9q
(2.19)
9 v oV
R M T

Let us summarize the main classical results on Lie dragging along symme-
tries, relevant to the probabilistic deformation of our elementary systems.

L, (wpe) = dob. (2.20)

We give here the proof of this first relation, as an illustration.
By (2.13) when f = n, we have

X
X, = X£+Tg—¢i+(—a— +%>§p

g ot a8 3¢’ " Bq
X ... 96\ 9
+ (Ep —TE- 8t) O

o 0 0 o 0
= X9~ 4+ Xt — 4 x5 4 xp— 4 xXF 2.21
I TR T O sy (2:21)

where we have introduced a notation for the components of X,,. So by definition
(2.11), the properties of Lie derivative and the components of X,

Lx,(pdg — Edt) = Lx,(p)dq+pLx,(dq) — Lx, (E)dt — ELx, (dt)
= XPdg+pdX?— XFdt — EAT
0X 06
= (-==p+=")dg+pdX
( 2" " 9 ) q+pdX(q,t)
X 9o :
(= —TE-Z2 ) at — ETdt
( ol ot )
= d¢(q,t)



Since Q = dwp, it also follows that, formally, Lx,(Q) = Lx, (dwpe) =
dLx, (w) = dde so

Lx,(Q)=0. (2.22)
Regarding the Lagrangian (2.9) of our system, we find, using (2.7) and (2.19),

.09 09

As it is well known, the relation (2.23) is the basic invariance identity of the
variational calculus for the functional defined on the r.h.s. of (2.10). Indeed,

by (2.6), (2.7) and (2.9)
/wpc = /pdq — Edt

= [(pi—hydt= | Ldt. (2.24)
/ /

Now we are going to generalize this whole geometrical picture of classical dy-

namics to the case where the (smooth) characteristics are replaced by solutions
of SDE.

3 Probabilistic deformation of contact geometry

Let us come back to Eq(1.5). For the moment, we shall consider the case a = 0.

We shall start from the same nonlinear change of variable (whose origin dates
back to E. Schrodinger, in the context of quantum mechanics, cf. [5]) as in the
free case V = 0 treated in [Iso]:

S =—hinn, (3.1)

for n a positive solution of Eq(1.5). Then S solves the following (Hamilton-
Jacobi-Bellman) equation:

98 1 [/0S\? ho%S

interpreted here as a deformation of the classical PDE (2.1) for h as in (2.6).
Let us define, in analogy with the classical case,

as oS
B=——, E=—-—— 3.3
9’ 5 (3.3)
but with a few changes of signs (w.r.t (2.12)) due to the abovementioned Eu-
clidean counterpart. In order to distinguish the 1-jet of HJB from its classical



counterpart of §2, we denote by B the variable playing now the role of the clas-
sical momentum p. The geometrical content of Eq.(3.2) for the deformed 1-jet
Jt = (q,t,S, B, E) is contained in the vanishing of differential forms:

w = Bdg + Edt + dS, (3.4)

together with
Q =dw = dBdq+ dEdt (3.5)

where we drop the symbol A of exterior multiplication, for simplicity, and the
two form [ defining Hamilton-Jacobi-Bellman equation itself, namely

1 i
B = (E + 5132 - V) dqdt + §dBdt. (3.6)

Let us recall that for given S, its “section” mapping lifts up the (g,t) base
manifold of independent variables into the 5-dimensional jet space J! according
to {q,t,5(q,t), %(q,t), %—f(q,t)}. All the “sectioned”forms pull back to zero
onto the base 2-submanifold of J!, which is called an integral submanifold.

Since df = (—dq + Bdt)dw, it belongs to the ideal I of forms generated by
w, 2 and 8. This one is therefore the smallest differential ideal containing w and
G. E. Cartan has shown that, in these conditions, the geometric representation
of our PDE (3.2) can be completed (cf.[7], [6]).

Clearly, the ideal I contains the 3 fundamental ingredients we needed for
our contact geometrical approach to classical dynamics. On the basis of our
definition of Lagrangian, in the free case [Iso], and of the form of the Lagrangian
for such elementary systems in Euclidean approaches to Feynman’s ideas (cf.
[5]), we infer that the Lagrangian underlying I should be (we shall prove it later
on) the function of the independent variables B, g, t:

L(B,q,t) = %BQ +V(g,1). (3.7)

Let us denote by N a vector field on J! playing the role of a classical sym-
metry contact vector field X,,. In the context of our ideal I one should have:

EN(I) cI. (3.8)

Such a N has been called, sometimes, isovector [6] and the theory of those
in term of differential ideals is due, in essence, to E. Cartan [7].

Because of the linearity of Eq(1.5), the Lie algebra G of these isovectors
contains an infinite-dimensional abelian ideal J, with canonical supplement N.

In the free case V = a = 0, X has dimension 6 and possesses a natural basis,
each element of which corresponds to a symmetry of our system.

As in this free case, the probabilistic interpretation of our results rests on the
fact that, on the integral 2-submanifold, the underlying continuous trajectories
will be of the form ¢ — z(¢), solution of stochastic differential equation (1.1).



It is well known that what plays, then, the role of the strong derivative
along smooth (or “classical”) paths is the infinitesimal generator of this diffusion
(“Bernstein”, cf. [5]) process:

~ 9 ~0 ho?

D=—+4+B—+-— 3.9
ot "o T 208 (3.9)
where B was defined in (1.2).
Let us write an isovector N as
0 o0 o 0 0
N=N!—4+N'=— 4+ N — 4+ NB__ 4 NP _— 1
o Vet as TV oY oE (3.10)

Then we have the

Theorem 3.1 Along each isovector N of N = {N €gs.t % = O} satisfy-

ing (3.8) for the ideal I generated by (w,$, ) as defined before, and for the
Lagrangian L associated with it, given by (3.7), we have

(1) Ln(Bdgq+ Edt) = —dN* (3.11)
(2) Ly(Q) =0 (3.12)
(3) Ln(L)+ de—]f = —DN* (3.13)

where D = % —l—Ba% + %g—;.

A word of caution is needed, before the (tedious, algebrico-geometrical) proof
of this Theorem.

If it was not for the last term of (3.13), one could suspect that the following
proof has nothing to do with stochastic analysis. Note, however, that if we could
look at D in (3.13), as an operator whose first term in ¢ does not involve the

independent variable B € J' but the section B = B(q,t) = —%—g, like in (3.9),
then the relation of Theorem 3.1 with stochastic analysis would be clear. We
shall show, in Theorem 3.2, that we are indeed allowed to do this and therefore to
find a probabilistic interpretation on the integral 2-submanifold. The traditional
notation ~ for the sectioned geometrical objects is an anticipation of Theorem
3.2.

Proof: By definition £y (w) is sum of multiples (with “Lagrange multipliers”)
of w,dw and §. Necessarily, here,there is a function ¢ such that Ly (w) = gw.
In analogy with (2.15), and following [6], let us define Fy = w(N) = BN? +
EN? + N5 and consider

pw—dFy = Ly(w)—dw(N))
= dw(N)
NBdq — N%B + N¥dt — N'dE. (3.14)



After substitution of (3.4), the identification of the coefficients of both sides
provides ¢ = 28 then

08
8FN 8FN 8FN 8FN
1= t_— - S _ B2 _p=—=~&
N=%p N =3 N =In-ByHp—Eop
8FN 8FN 8FN 8FN
¢ a5 ot "7 as (3.15)

which should be compared with the components of the (real time!) classical
contact field (2.13) associated with a contact Hamiltonian Fly.

By hypothesis Ly (w) € I so Ly(dw) = dLy(w) € dI C I. Therefore the
vector field N associated with Fiy by (3.15) will be an Isovector of I if and only
if Ln(8) € I. So there must be two 0-forms o and v and a 1-form e such that

Ly(B) = af + ew + ydw. (3.16)

As before, those Lagrange multipliers should be eliminated. Without loss of
generality we can assume that e has no dS term (cf. [6] p. 658). So it reduces
to

€ = pudg + Adt + pdB + vdE.

Explicitly, (3.16) means, after identification of the respective coefficients both
sides:

q
—NE—BNB+Nta—V+NaV (V E——BQ) ON

ot dq dq
1_,\ ON* hONB
+(V‘E‘§B> ot 2 0q
=a (V —-E- 132) +AB — uE (3.17)
ON? 1 _ONB
—_ = 2 _— = —_—
(V E 23) 55~ 5l ag =X (3.18)
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1 5\ ONY 1 ONB -
1 ON? 1 _ONB hON? 1
—E—--B? ——h— — ——— =—a=-h—pFE 2
<V 2 > 9B 2" 9B 2o - gt mrE (320)
1 o ON? -
<E+ §B —V> 59 =L (3.21)
t
<E+ %BQ—V> %]2 =-—vB (3.22)
1 o ONt  hON! B
v=20 (3.24)
t
%hais =p (3.25)
1 _ON!
_§h8—E =0. (3.26)

So we are left with conditions (3.17), (3.19) and (3.26). From (3.26) we get

ON'/OE =0 i.e (see (3.15)) B;gév = 0. Therefore, our contact Hamiltonian Fy
is affine in B

Fy=a+TE

where a and T may depend only upon (g¢,t, B,S). After substitution of this F'
in (3.16), using (3.23), (3.24) and (3.25) we can rewrite (3.19) as

1 ,\ ON? hONE
(V_E_§B> OE 2 0E

1. ON 1, ONt 1 __ON!

Introducing the expressions (3.15) of N9, Nt ..., this reduces to

E+-B*+V | = =h— —hB

1 oT  oT oT
2( 5 )63 % 35" (3.27)

By identification of the coefficients of F, g—g =0 and %—Z = Bg—g. By computing

9

55 of the last relation, we get g—:g = 0. Finally

T =Ty () (3.28)

is true for any NV € G.

Now the relations (3.15) can be rewritten in terms of coefficients
a = a(q,t,S,B) and T = Ty(t). Since N* = Tn(t), (3.21) implies p = 0
and (3.25) implies p = 0 and (3.23) implies v = 0. Then (3.17) reduces to an
identity involving the partial derivatives of a and Ty. By elimination of A and

11



a using (3.18) and (3.20) in this identity, we can identify the coefficients of E?
on both sides and get % =0,i.e

a=XyB+h (3.29)

where Xy = N? and h can depend only upon (g,t,5). This means that the
contact Hamiltonian Fy is also affine in B:

Fy =XNyB+TNE + h. (330)

The identification of the coefficients of E provides

0Xn 0XN -
2—— —2B— —Tn =0. 3.31
9 55 N (3.31)
Since Xy cannot depend upon B, and Ty = Tn(t) only, ‘95(—51\’ = 0 ie.
Xn = Xn(g,t). Moreover the last relation implies that
1.
Xn(a.8) = Son (g +10) (3.32)

According to the definition of N (cf. (3.15)) and of the contact Hamiltonian
Fy in (3.30), we have N° = h(q,t,5). So, for any N € 8, N¥ depends only on
(g,t). Tt is immediate to check that if Ny, No € R, [Ny, N2](S) is a function of
(g,t) so N is indeed a Lie subalgebra of G.

We are now able to prove the claims of Theorem 3.1:

Lyw) = qw

OFN

a5 w =0,
whence

Ly (dw) = 0. (3.33)
Since, by (3.4), wpe = w — dS, this reduces to
EN(qu + Ed?f) = EN(LU) — d(ﬁN(S))
—dN*® (3.34)

This proves (1). To prove (3), we need a more explicit version of N°. Coming
back to the reduced version of (3.17) providing (3.29), in the general setting
where

NS = h(‘]vtv S),

and substituting there what we deduced from (3.15) for Fy of the form (3.30),

12



i.e.

Nt = Ty (t)
N% = h(q,t,S) (3.15")
1. oh oh
B [ —— —_— —_—
NP =—STn(t)B aquBaS
1. . . oh oh
E_ (= _ I -
NE = (2TNq+Z>B INE - 5+ B,

we obtain 3 equations corresponding to the identification of the coefficients of
B2, B and 1. Respectively,

9?h  10h
== 3.35
052  hoS (3:35)
1. . Oh 9%h
=T I+ — =h—— .
5 NG+ 1+ 3 9504 (3.36)
oh ov 1. oV hoh oh .
— +TNn— =T ) —+=-55=(z5—-"1Inv| V. 3.37
ot " N8t+(2 Nq*)aq 2 0 (as N) (3:37)
We can express the solution of Eq(3.35) as
h(g,t, S) = hii(g, t)er = ¢(q, t). (3.38)
Then (3.36) means
0p 1. - 0Xn
— =T l=—— 3.39
dqg 2 Ng+ ot (3:39)
therefore 1
(a,t) = Tng* +1g = (). (3.40)
After substitution of (3.38) in (3.37), we obtain an equation which splits into
on i _
hE = _78—(]2 + V’I] (341)
and
L. o = v 1. vV oV . B .
—= —1 s+ ITNn— + =Ing— + 11—+ TNV — =Tn = 0. A2
4TNq q+o+ N6t+2Nq8q+aq+ NV 1IN 0. (3.42)

To prove (3) recall that N € X implies N = h does not depend on S i.e. 77 =0
in the relation (3.38) or
h=—(a.1). (3.43)

13



Now, for L as in (3.7), since L is a function, i.e a 0-form,

Ly(L) = N(L)
= N <%B2 —I—V(q,t))
oV oV
= B 9”7 tZY
BN® 4+ N aq+N T

Introducing N, N9 N* given by (3.15") and h = —¢(q,t) as in (3.40), using
(3.42) one verifies that
fy 00 00 hiFo

EN(L)—FLW ot * Oq + 2 0q? = D¢.

This is (3.13) for ¢ = —N*. O

Remarks:

1) In the course of the proof of Theorem 3.1, we have introduced new labels
for the coefficients N, N* and N (a priori functions of all the variables of
JY), namely Xy(q,t), Tn(t) and —¢pn(g,t). Our first reason for this is to
turn easier the comparison with the classical expressions (2.18) and (2.19).
The second one is to relate directly the formulation of our present results
with the ones of the stochastic Noether Theorem, proved in [8] without
using the jet space J! and its 2-integral submanifold of independent vari-
ables (g,t), where the probabilistic interpretation z; = ¢ will be valid.
Denoting by Fy the symmetry contact Hamiltonian associated with the
isovector N € R, it follows from (3.30), (3.43) and our calculations above
that

FN = FN(tuutaE)

This is the (Euclidean) deformation of the classical symmetry contact
Hamiltonian denoted by n(q,p,t, E) in (2.18). To get a better notion
of the deformation in question, let us recall that, in the context of the
stochastic Noether Theorem for such systems, we had found the following
“determining” relations between the coefficients Xy, Ty and ¢n: (cf. [8],
Lemma 3.5, in one dimension)

. 0Xy

IN=2%

OXn Do

ot~ g (3.45)
I¢n | h L ov ov

W + §A¢N = TNV+XN8_q +TNE.

14



By (3.15%) here, the first relation is true. The second one was already
checked in (3.39). Now the derivative 6% of (3.42) coincides with the
oy _ OPon

integrability condition 5i0q — Daot in the relations above:
0?Xn 0Xn OV o?V o?V
— =3 - — —In=—7=0 3.46
ot dg 9¢ Moz Nagor (3.46)

after substitution of Xy = %TNq—i—l(t) and T' = Tn(t). So the determining
relations resulting from our analysis are the deformations of the classical
relations (2.19). Except for the change of signs of Euclidean origin, the
only deformation involves, in fact, the Laplacian of ¢y .

Integrability condition (3.46) is useful computationaly. For a given V', it
provides easily coefficients X and T allowed for symmetries.

2) If we did not know from the start that, behind the ideal I, there is the
parabolic equation (3.41), the above calculation would have proved it.

Let N be an isovector for Eq(1.5). We consider here again the case a = 0.
By construction e*, o € R, maps (¢,t,5, B, E) to (qa>ta;Sa, Bas Ea)-
Defining 7, by .

€ « :ﬁa(QGmta)

it is known that 7, solves the same PDE as 7j(q,?) (this is the definition of its

symmetry group). If we denote by eV : 7] — 7, the associated one-parameter
group, we obtain the following homomorphism of Lie algebras associated with
the section within J' mentioned in the introduction:

0 0 0 0 0
N=N!— 4+ N -4+ N 4+ NB__ 4 NP
g Vo N ast YV oY oE
NNt D e D Ly (3.47)
ot dq h ’
where the last formula means that for each regular function f(q,t),
. of af 1
Nf(q,t) = —N'== — N9~ + _N°f.
f(g,t) 5 B4 +o NS

Let us recall that, by definition, such a mapping preserves all the operations
in the less complicated Lie algebra defined on the integral submanifold. Our
notation ~ is the same as the one used for sectioning differential forms in an
ideal (cf. [6, 7]). We will use it now to give the probabilistic interpretation of
Theorem 3.1 on the integral submanifold:

Theorem 3.2 Let z;,t € X, be a solution of the SDE (1.1) built in term of
positive solutions of Eq.(1.5) with H = —%2A—|—V(q, t) and for any regular V' in
the Kato class (cf. [5, 11]). The probabilistic counterparts of the characteristic
equations (2.7)—~(2.9) for the associated classical system are given, in term of
the generator (3.9), by
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(2) DB = 4~
no o)
(3) DE = 9%

(4) DS = — (%EQ +V) = Lor
(5) S(zi,t) = By [ L(By, 27, 7)d7 + E;Sy(2,)

(6) = B, [" Bodz, + Edr + E,S,(Z,).

The invariance identity (3) of Theorem 3.1 can rewritten in terms of
N? = Xy and Nt =Ty as

() Xn%E +Tn3e + (DXy — BTN)g—g + LTy = Dén.

Proof: This Theorem summarizes properties of diffusions (1.1) which have
been proved, along the years, without knowledge of their contact geometrical
background (cf. [5, 8]). According to (3.1) and (3.3), we have

B(q,t) = hV In7j(q,t)

for 77 a positive solution of the parabolic equation (1.5) (with @ = 0). The
relation (1) to (4) result from direct computation with the generator D (cf.
(3.9)) of z(¢).
Eq(5) follows from (4) by It6-Dynkin formula, under integrability condition.
The geometrical definition (6) of the action S in term of the Poincaré-Cartan
form wy,. of (3.4) needs to be clarified. If E, denotes the conditional expectation
EJ...|z(¢)], we have

Et/ Ope = Et/ B odz(T) + Edr
t t
where o denotes (Fisk) Stratonovich integral in the sense of It6 [9]
— hE, / (V 1 7720, 7) 0 d2(7) + Dy In 7i(2(t), 7)dr)
t

_hE, /t " dlin (7). 7))
= izEt In ﬁ(z(v),vN) —hinn(z(t),t)
— 5(2(t),1) — E,S(2(v)).
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Regarding (7), observe that, using (3.9) and the determining equations
(3.45),
~ ~ . 0 ~0X
DXy — By = 208 _ g%~
dq dq
and so (7) reduces indeed to (3.13). O

As classically, the invariance identity (7) can be regarded as a basic formula
of a (stochastic) calculus of variations. Such a calculus already exists, cf. [11],
and allows to obtain directly some of the abovementioned results (but without
the geometrical insight).

4 Perturbation of the free case and examples

As indicated in the introduction, Theorem 3.1 and Theorem 3.2 are true for any
regular potential V' (in the Kato class). As soon as Eq.(3.45) can be solved, an
isovector N (and therefore N ) is determined and can be used to relate explicitly
solutions of heat equations i.e, for us, to obtain a quadrature of diffusion pro-
cesses. But there is a special class of potentials V', in Theorem 3.1 and Theorem
3.2, for which all such computations can be done explicitly without using more
than the isovectors of the free heat equation (a = V = 0). This important class
plays the role, in our probabilistic framework, of the quadratic class associated
with the metaplectic representation in quantum theory (cf., for instance, [15]).
Let us start from a positive solution 7, of the free equation, such that

x(¢,0) = x(q) > 0. (4.1)

The above observation can be expressed via the following result of Rosencrans:

Theorem 4.1 [10] If we denote, for a given N as in (3.47), (eaﬁnx)(q,t) by
pn(g;t, @) and pn (g, 0,a) by n™ (q, ), then n™ solves

N 2 92, N N
h% = N*(q,0) 5 S — N(q, 0)h % — N¥(q,0)n™

(4.2)
™ (q,0) = x(q)
So, choosing an isovector N of the free equation s.t N9(g,0) =

—%(Qq + b)7 Nt(qvo) = —1 and NS(q,O) = _(Cq2 + dq + f)7 fOT a,b,c, dv.f
real constants then (denoting again the parameter by t):

N 2 2 N N
W = — -Gl + (ag + b) % + (cq® + dg + f)n™ |
(4.3

1™ (g,0) = x(q)
Let us consider some examples in this quadratic class:
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1) Linear potential V(q) = A\q, A € R
This is the case a =b=c= f =0,d = A of Theorem 4.1. Then

_1(a23_y t2
N (g,t) =e (e t")nx(q—’\?t) (4.4)

solves Eq(4.3) if n, solves the free equation. The drift By of the diffusion
zy (t) associated with this perturbation is, by (1.2),

~ 0
~ t2
= X+B (q—AE,t) (4.5)

for B the drift coming from the free equation. The relation between the
two families of diffusions is, as expected, the deterministic translation:

t2
2y (t) = 2(t) + /\5. (4.6)
2) Quadratic and first order linear perturbations

This is the case a = Bh,b = 0,c = %ﬁ{d =0,f= —%6 in Theorem 4.1,
corresponding to (a one dimensional version of) A(q) = fq and V(q) =
16%¢% — LB in [11, p.71]. It was shown there that the relevant parabolic

N
equation is h% = Hy" with

B2 A\?
H = —— -
i (v h) LV
hQ
= —7A+h6qv (4.7)

and that the associated drift is of the form
~ 0
By (q,t) = ha_q InnY (g, t) — Aq). (4.8)

Using the relation between niv and the free solution:

1
ny (g,t) = ny (eﬁtq, ﬁ(ewt - 1)) (4.9)
the relation between drifts becomes

- - 1
By(q,t) =€"'B (e‘”q, —(e*Pt — 1)) - Bq.

20

After time integration we get

sy () = Pt [c(w) bz (%(e%f _ 1))} (4.10)
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where ¢(w) is an arbitrary random constant.

The simplest illustration is to start from x = 1. Then n, = 1 and z(t)
is the Wiener v/hw(t) itself, whose drift B = 0. Then By = —fBq so zy
solves

dzy (t) = —Bzy (t)dt + Vhdw(t). (4.11)
This means that such a perturbation contains Doob’s relation (1.4) as a
very special case.

Let us stress again that it would be a mistake to understand Theorem 3.1
and Theorem 3.2 as meaning that stochastic quadratures of diffusion processes
are available only when the perturbations are quadratic polynomials.

Consider for example:

3) V(@) =2 a€eR

It is easy to verify that the integrability condition (3.46) is satisfied by
the following pairs of coefficients (Xn,Tn):

Xny=0 Ty =0

Xy=0 Tn=
1

Xy = 3 Ty =t

Xy = —qt, Ty = —t* (4.12)

The associated coefficients ¢ follow easily from (3.45). Using the nota-
tions of [Iso] (cf. (7) p.190) the list (4.12) corresponds, respectively, to the
isovectors N3, N1, No and Ng. There are no other symmetries for this V.
But we can still express the diffusion zy (¢) in term of some (here 4) of the
isovectors of the free, 6 dimensional Lie algebra X of §3. So, at the expense
of reducing the dimension of R, many stochastic quadratures are available
beyond the quadratic class of potentials involved in Theorem 4.1.

5 A transformation of diffusions relevant to first
crossing problems and mathematical finance

As mentioned in the introduction, our approach allows us, for example, to re-
cover and extend explicit results established by Patie [12] and Alili-Patie [2]
with a view to the computation of some option prices. Here we set a =V =0
in the above general geometrical structure. Still, this application is not trivial:
it requires the use of two of the free isovectors computed in [Iso], namely

0 0 0 o

Nu = 2ty +ag, —2E55 —Bap
0 0 0 0 0
_ 2 _ 2 _ _ _
Ne = 2t 8t+2qtaq+(ht ¢*) 5 — (4B +4tE + 1) +2(q — tB) 7.
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For a > 0 and § € R, let us set p = —In(a) and A = —af, and define:

Ra_ﬂdche“N‘le*%NG, (5.1)

R, s is a differential operator on the space C*°(M) = C°°(R5) of smooth func-
tions of (¢,q,S, F, B), and it maps the subspace of smooth functions of (¢, q)
into itself. We extended R, g to (C*°(R®))? by setting:

V(fa g) € COO(R5)2 Ra-ﬂ(fv g) = (Raﬁ(f>a Ra-ﬂ(g))'

It follows from case 2) of [Iso], p.201, that, for each f € C*(R?), e~ 2Ne(f) =
g is given by:

_ ¢ q
g(t’q)_f<1+)\t’1+)\t>' (5.2)

Also, e*V4 maps g to h, where
h(t,q) = g (€*'t, e*q) (5.3)

(cf. case 1) of [1], p.201). Therefore Rq g dEfe”N‘le’%Nﬁ maps f to h, where

h(t,q) g (ez“t, e“q)

_ e2nt etq
N 1+ Xe2rt’ 14 Ne2nt

Lt Lq
=/ (1 — aﬁ%t’ 1-— aﬁ%t)
_ t g
_ f(a(a_ﬂt),a_m>, (5.4)
i.e.
Ra-ﬂ(f)(ta q) = f (‘Pa-ﬂ(t)a ¢a,ﬁ(t7 q))
where
£ = t
2] )dff ala — Bt)
and
_ q
wa,ﬁ(tu Q) dff o — 6t'

Proposition 5.1 Let z(-) denote a Bernstein diffusion solving (1.1) and let us
define zq, g by:

Za,5(Pa, (1)) = Ya,p(t, 2(1)). (5:5)
Then zap = S@9(z), where S . C(RT,R) — C([0,T],R), with
T = —(af)™! for B < 0 and +oo otherwise, is Patie’s transformation in [12]
p.49.
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Proof: Let us set to,5 = ¢a s(t), then t, 5 = ——L— whence

ala—pt)
Gt

1 to =1

aftas + a— [t

B «
a— Gt
and:

Za,8(ta,s) = za,8(¢a,s(t))

Yaa(t, 2(1))
= (a—BD7"2()
o (14 aBta )z (1)

2
-1 ata,p
= 1 to — ).
a (1+ap ’B)Z(1+a6ta,g)

Now by definition ([12], p.49),

SeNw)r) = = w (1 i:&)

SO

Zag(tap) = SO (2)(tap), i€ zas =S (2).
O

Corollary 5.2 When o = 1,21 53 = S¥)(z2), where S dEfS’(l’ﬁ) is defined as
€
in [2], §2. In particular, for 8 <0 and n, = x = 1,2(t) = Vhw(t), as in Ex 2)

§4 and 21 5(t) = Vh ngofﬁil(t), a Brownian bridge.

Proof: When @ = 1, p = 0 we have R,g = e 2N and Zap(T) =
(1+07)z (ﬁ) = 5B (2)(r) by [2], §1 p.226. Since Ry 5 = e~ 2o = eZ Mo the

statement about the Brownian Bridge follows from [Iso] p.201 (setting o = —f3).
O

From the structure of the Lie algebra H follows:
Theorem 5.3 For alla >0, o/ >0, 3 and 3, one has:
Ralwal [0 Ra.ﬂ = Ra”ﬁ”
where

def
and
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Proof: From [Ny, Ng| = 2N (see [Iso],) follows:
NNy = (Ny — 2I) Ng,
whence, by an easy induction over m:
Ym eN NgN,™ = (Ny—2I)™Ng,

whence:
Ng etVe = 720 ot Na N

Now another easy induction yields:

Vn e N

Ng eMVa = = 2nm gilNa Ng,

whence: , ,
A N -2
7TN3 e,U.N4N — ep,N4 6778 MNG.

It follows that:

' s _2
Ra’,B’ORa,B — eMN4€ QNseHNz;e 5 Ne

ro_
e#,N4 eltN4 e*% e 2" Ng e*%Ns

17
e Ni o= 25 No
where

p'o= pt
—In(a) —In(a)

—In(a”)

and:

N'o= NeT 4
(—a’ﬁ’) e2lno¢ _ aﬁ
_aal (aﬁl + ﬁ)

o
_ —O//ﬂ//.

Therefore
Ra,7ﬁ’ (@] Rohﬁ = Ra”,ﬁ”'

Corollary 5.4 One has:

§laB) o gla'.8") — g(a”.8")
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Proof: By definition,

pang(t) = Rar o)

= R p(Rap(t))
Ro g (pa,s(t))
= $a,8(pa,p(t))

and

Yo () = Ravoo(a)
Ra 0 (Rav(4))
= Rur (b s(t,9))
= o s(ar, (1), 0 (1,0))

as well as

SY (@) (ar (1) = gt 2(1))
= tYa,g(par,p(t), Yar,p (¢, 2(t)))
= waﬂ(s"a’,ﬁ’ (t), §lets )(2)(90a’,ﬁ’(t)))
= S(aﬁ)(s(a’ﬁ’)(z
(5P o g8

)pap(@arpr(1))]
(2)lpar p (1)),

~—_ —

whence . L
S8 () = (8B o §(@BD)(2)

ie.
S(a,ﬁ) o S(O‘/’B/) _ S(O‘O‘/qaﬁuraﬁr)

i.e. Patie’s formula ([12], p.60), modulo correction of a misprint. O

Remark 5.5 The above formula can also be obtained in an elementary fashion:
(8D 0 5@ D@ (r) = (SN (SN wW))r)
2
- w(g(a’,ﬁ/)(w)) < T >

« 1+ afr
1+ a3 o’r 12 a’r
_ 1+ 0467- @ 1+af1 w < a 14+afBT )
= p 5
o @ 1 + o' B 14(:04237'

1+a"8"r "1
= a// w 1 _j’_ a//ﬁ//,r
(5" w) (7).

Corollary 5.6 ([2]) S satisfies the semigroup property.
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Proof: One applies Corollary 5.4 with & = o’ = 1; in this case, o” = 1 and

3" = 3+ ' whence:
§B+8) — gB) 5 g8

6 Conclusion

The method used here is considerably more general than our present results.

Of course, it still holds if we start from the n dimensional heat equation
instead of Eq(1.3). All the results of Theorem 3.1 and 3.2, §3 are preserved.
In fact, the method is the same when the underlying stochastic processes (and
therefore operator Hy of Eq(1.3)) are more general than diffusions. In particu-
lar, the method can be adapted to the class of diffusion processes with jumps
introduced in [13].

Finally, let us observe that the analogy alluded to, in the introduction,
between our stochastic deformation and the quantization of elementary dynam-
ical systems, is not superficial. For example, the stochastic Noether Theorem
associated with the isovectors N provides, after coming back from Eq(3.41) to
Schrédinger equation, quantum first integrals in the L? sense. Even in the free
one dimensional case, this list of constants is strictly larger than the one known
by traditional means in quantum mechanics (cf. [5] and [16]).

Part of the stochastic deformation strategy illustrated here could also be
relevant to a more general one, inspired by ideas of dynamical systems [14].
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