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3-dimensional quantum invariant

X an oriented closed 3-manifold, G = SU(2).
Witten's definition:
Z/l/\/(x) — / eZiﬂk CSX(a)da
Q'(X.9)
with CSx the Chern-Simons functional.

Witten (89), Quantum Field theory and the Jones polynomial.



Combinatorial definition:

ZRT(X) = (W)"Hﬂ: sgn(AL) > ([K]!J})t}emm

1/2
k Le{1,....,k—1}r

if X = S3(L) with mo(L) = {L1,...,L,} and
> JZL the colored Jones polynomial
> [¢]! a factorial of quantum integers
» A the linking matrix and 74 = exp(3in/4 — 3in/2k).

Reshetikhin-Turaev (91), Invariants of 3-manifolds via link
polynomials and quantum groups.
Blanchet-Habegger-Masbaum-Vogel (95), Quantum field theories
derived from the Kauffman bracket



Witten asymptotic conjecture

Let X be an oriented closed 3-manifold. Then
VX))~ > ¢/37(P)|r(P)[3 2imk CSx(P)

where
» M(X) = {flat G-principal bundle over X}/ ~ and

» n(P) and 7(P) are the eta invariant and the analytic torsion
of the flat vector bundle P x4 g.

» CSx(P) is the Chern-Simons invariant of P.

Question: Has ZFT(X) this asymptotic behavior ?



Proof of Witten conjecture

> Lens spaces and mapping torus of hyperbolic diffeomorphism
of the torus (Jeffrey, 92)

» Seifert manifolds ( Rozanski 95-96, Hansen 05)

» Brieskorn homology sphere (Hikami 05)

» Mapping torus of finite order diffeomorphism of surface with
genus > 2 (Andersen).

» Mapping torus of diffeomorphism of surface with genus > 2
satisfying a transversality assumption (C 10).



Theorem (Marché-C)

Let X be the manifold obtained by surgery with parameter p/q on
the figure eight knot. We assume that p is not divisible by 4 and
that for any p € X(M), HY(M,Ad,) = 0. Then

LI i
ZET(X)= > w k"Pa(p)e* W)+ ok
pEM(M)

where for any p € M(X), m(p) is an integer, n(p) =0, —=1/2 or
—3/2 according to p is irreducible, no central abelian or central and

2-1(T(p))"/? if p is irreducible
a(p) = 21/2 (T(p))1/2 if p is non-central abelian
2127 /p3/2 if p is central.

with T(p) the Reidemeister torsion.



Topological Quantum Field Theory

TQFT with group SU(2) and level k € N*
» Closed surface ¥? — Hermitian space V4(X)
CifoM =1

» Manifold M3 — Z,(M) € _
Vi (OM) otherwise
If M and N have the same boundary %,

Z (M Us N7) = (Zu(M), Zi(N)) , 5



Knot state

The state of a knot K in S3 is
Zk(EK) c Vk(Z)

where Ex is (S3\ tubular neighborhood of K) and ¥ = QE is the
peripheral torus.

If X = Ex Us N with N a solid torus with boundary ¥,

Zi(X) = (Zk(Ek), Zk(N)>vk(z)'



Torus quantization and theta functions

(14, A) positive basis of H1(X,Z), (p, q) associated linear
coordinates, z = p + 7q complex coordinate.

f : C — C holomorphic
f(z+1)=f(2)

f(z + 7_) — f(z)e2i7rk(2z+7-)
f(-z) = —f(2)

Halt — f tk

where t = e2/m(p+7a)q
Then (W, —W_;,1 < £ < k—1)is a basis of H2't where

1
Vy(z) = O~ (z + 7

2i7'r(€z+7'£) k
)¢ wez)

with

_ § :e4i71'zkn+2i7rn2k‘r

nez



Knot state norms
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Figure: The pointwise norm of the knot state for the trefoil and the
figure eight knot at level kK = 200



Knot state asymptotics

Theorem (Marché-C;C)

Let K be the figure eight knot or a torus knot. Then for any
p € M(X), we have

> if p & r(M(Ek)), Zk(Ex)(p) = O(k™>).
» if r1(p) = {p1,....pn} and p; is irreductible for any j, then

Zk(Ex)(p) ~ K3/4 Z eimjﬂ'/4@e2iﬂ’k CS(pj)

TN 473/4
J=4,...

where the m; are integers.

» if r1(p) = {po} and po regular abelian, then

imm T(po) iT
Zi(Ex)(p) ~ KMt/ o et s,



g-difference relation, g = e—2im/k

The knot state satisfies:
QxZk(Ex) = ReZY,
where if K is the figure eight knot

Qk :(q—1M2 _ qM_Z)L+ (qM2 + q—lM—2)L—1
(M2 = M72)(~M* — M M2 M2 4?4 q72),
Re =(M® + M~% + M3+ M™% — (¢ + g72)(M + M71))

and if K is the torus knot with parameter (a, b)
Qk = |d _(qflM)*zabLf2’ Rk — Z EI_qﬁi(q*]. M)73b+p,‘

with (ej, pi) = (1,—a—b), (—1,—a+b), (1,a+ b), (—1,a—b)
fori=1,2,3,4.
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